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Abstract

A tandem stochastic system is a system in which basic stochastic building
blocks are joined together sequentially to form a more complex stochastic process. For example, think of a sequential assembly line in which the nal product
of one station is the raw material of the next, or on a process of unidirectional
transport in which molecules progress along a narrow pore or a molecular track.
This thesis opens with Chapter 3 in which we give a brief introduction to Tandem Stochastic Systems (TSS). In this chapter, we acquaint the reader with
two paradigmatic models in the eld: the Tandem Jackson Network (TJN) and
the Asymmetric Simple Exclusion Process (ASEP). Having emerged independently in the queueing theory and non-equilibrium statistical physics literature,
we show that these seemingly unrelated models are actually tightly linked, and
further explain how this observation has led us to introduce and explore the
Asymmetric Simple Inclusion Process (ASIP)  a model which stands at the
heart of this thesis. From a queueing theory perspective, the ASIP is a sequential array of Markovian queues with unbounded capacity and unlimited batch
service. From a statistical physics perspective, the ASIP is a model for unidirectional transport with coagulation.

The ASIP is analyzed in Chapters 48

which are organized as follows.
In Chapter 4, we motivate the study of the ASIP. Combining together probabilistic and Monte-Carlo analysis, we showcase the ASIP's rich statistical complexity  which ranges from `mild' to `wild' displays of randomness: Gaussian
load and draining, Rayleigh outow with linear aging, Inverse-Gaussian coalescence, intrinsic power-law scalings and power-law uctuations and condensation.
This chapter is based on publication number [1] in the list of references.
In Chapter 5, we study the dynamics and steady state of the ASIP. We
derive evolution equations for the mean and Probability Generating Function
(PGF) of the sites' occupancy-vector, obtain explicit results for the above mean
at steady state, and describe an iterative scheme for the computation of the
PGF at steady state. We further obtain explicit results for the load distribution
in steady-state  the load being the total number of particles present in all
lattice sites. Finally, we address the problem of load-optimization, and solve it
under various criteria. This chapter is based on publication number [2] in the
list of references.
In Chapter 6, we explore the ASIP's asymptotic statistical behavior. We consider three dierent limiting regimes: heavy-trac regime, large-system regime,
and balanced-system regime. In each of these regimes we obtain  analytically
and in closed form  stochastic limit laws for ve key ASIP observables: traversal time, load, busy period, rst occupied site, and draining time. The results
obtained yield a detailed limit-laws perspective of the ASIP; numerical simulations demonstrate the applicability of these laws as useful approximations. This
chapter is based on publication number [3] in the list of references.
In Chapter 7, we introduce Catalan's trapezoids, a combinatorial construct
instrumental to the analysis of the ASIP. An iterative scheme for the construction of these trapezoids is presented, and a closed-form formula for the calcu-
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lation of their entries is derived. Catalan's trapezoids generalize the renowned
Catalan's numbers and the combinatorial interpretation of their entries is discussed in light of Bertrand's famous ballot problem. This chapter is based on
publication number [4] in the list of references.
In Chapter 8, we present an exact closed-form expression for occupation
probabilities in the ASIP. Our results are expressed in terms of the entries
of Catalan's trapezoids.

We further prove that the ASIP is asymptotically

governed by: (i) an inverse square root law of occupation; (ii) a square root law of
uctuation; and (iii) a Rayleigh law for the distribution of inter-exit times. The
universality of these results is discussed. This chapter is based on publication
number [5] in the list of references  a result of a fruitful collaboration with Dr.
Ori Hirschberg who is to be credited for analyzing the ASIP in the continuum
limit.
In Chapter 9, we digress from the main theme of this thesis and discuss
the computational modeling of gene translation  a biological process which
provides a naturally occurring example for a TSS. Gene translation is a central
process in all living organism. This process is however still enigmatic, and contradicting conclusions regarding the essential parameters that determine translation rates, appear in dierent studies. We introduce the Ribosome Flow Model
(RFM), a model which takes into account the stochastic nature of the translation process and the excluded volume interactions between ribosomes.

The

model is aimed at capturing the eect of codon order, and composition, on the
translation process and we demonstrate that, in comparison to commonly used
approaches, it gives more accurate predictions of translation rates, protein abundance levels and ribosome densities in several dierent organisms. This chapter
is based on publication number [6] in the list of references and is a result of a
fruitful collaboration with Dr. Tamir Tuller.
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3

An Introduction to Tandem Stochastic Systems

Many complex and fundamental processes in nature incorporate a high level of
intrinsic randomness. Stochastic events stand at the very bedrock of their micro
level description, and the cumulative eect of these events is manifested in their
dynamics and functionality.

Complex processes may sometimes be viewed as

an interconnected network, whose basic building blocks are processes of diminished complexity. Interestingly, even when the isolated behavior of each building
block is understood in great detail, the behavior of the aggregate is often extremely hard to predict.

This chapter serves as an introduction to Tandem

Stochastic Systems (TSS), linear stochastic networks formed by the sequential
concatenation of stochastic processing units. The prevalence of TSS throughout
the sciences renders this particular class of stochastic networks a special case of
interest among a host of scientic communities.
Tandem stochastic systems are systems in which a stochastic input ow (of
jobs, molecules, particles, etc.)

progresses through a serial array of stochas-

tic processing units. The progress from one processing unit to the consecutive
processing unit is governed by a set of rules characterizing the system's law
of motion.

TSS naturally emerge in many scientic elds, including biology,

chemistry, physics, and operations research, and often exhibit complex stochastic dynamics.

The existing body of knowledge on TSS comprises of a small

number of mathematical models that were introduced throughout the years.
Each of these models was tailored for the mathematical modeling of a tandem
stochastic system whose behavior is determined by a particular set of rules.
Facing the signicant complexity inherent to the analysis of general TSS this
ad-hoc approach is still considered inevitable. In what follows, we review several
types of TSS together with their accompanying mathematical models. Special
emphasis is given to the Asymmetric Simple Inclusion Process (ASIP)  a TSS
which stands at the heart of this thesis.

3.1

The Tandem Jackson Network

The Tandem Jackson Network (TJN) is one of the rst TSS ever to be studied. It was introduced and analyzed by R.R.P. Jackson when he was working
for the operational research branch of the London airport [7, 8]. Jackson was
inspired by a visit to a factory in which aircraft engines were overhauled. As
he explains in the introduction to his paper: ...Work was carried out on the

engines in successive stages, e.g. stripping, detailed examination, repairs, assembly and testing, and thus engines could experience "inter-phase" queueing.
It was thought that a mathematical investigation into such a system would be
helpful in planning future work and increasing the present eciency. . An apology is then quick to come: ...Unfortunately, to date, the only system of this type

which appears to be mathematically tractable is one which is completely random
in character, and this is now investigated .
In its simplest version, the TJN is a sequential array of

n

service stations,

where external jobs arrive at the leftmost station randomly in time and progress
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sequentially from station to station. At each station: (i) arriving jobs queue up
in line and await service; (ii) only one job is served at a time, and the service
durations are governed by `exponential clocks'; and (iii) upon completion of
service a single job moves on to the next station or, in the case of the rightmost
station, out of the system.
In the standard Queueing theory setting, the TJN can be described as a
sequential array of Markovian queues [9]. Jobs arrive to the rst queue according

λ and are processed, one by one and according
µk at station k . Denoting the number of jobs
(k = 1, · · · , n) by Xk , the TJN's dynamics can be
as follows: (i) rst station (k = 1):

to a Poisson process with rate
to order of arrival, with rate
present in the

k th

station

schematically summarized

λ

X1 , X2 , · · · −
→ X1 + 1, X2 , · · · ;
(ii) interior stations (when

(1)

Xk > 0, 1 < k ≤ n − 1):
µk

· · · , Xk−1 , Xk , Xk+1 , · · · −−→ · · · , Xk−1 , Xk − 1, Xk+1 + 1, · · · ;
(iii) last station (when

Xn > 0):
µn

· · · , Xn−1 , Xn −−→ · · · , Xn−1 , Xn − 1 .
When

n = 1,

(2)

(3)

the TJN is composed of a single service station and, using the

notation introduced by Kendall [10], is equivalent to a simple

M/M/1

queue.

The steady state distribution of this queue is given by

P r(X1 = x1 ) = (1 − ρ1 )ρx1 1 ,
where

ρ1 = λ/µ1 (x1 = 0, 1, 2, · · · ).

(4)

While this result was already known to

Jackson and his contemporaries, its extension to

n>1

stations was considered

nontrivial. Indeed, when the output from one station is the input of the next,
intricate correlations may render the joint probability distribution of the system
extremely complex or even completely intractable.
In light of the above, it is quite remarkable that the steady state distribution
of a TJN with

n

service stations is given by

P r(X1 = x1 , · · · , Xn = xn ) =

n
Y

(1 − ρk )ρxkk ,

(5)

k=1
where

ρk = λ/µk (xk = 0, 1, 2, · · · ).

Equation (5) is known as Jackson's theorem,

it asserts that stations in the TJN behave as if
separate

M/M/1

they were a collection of

n

queues that are statistically independent of each other. The

great simplicity and elegance of this result is best appreciated when compared
to other TSS to be described hereinafter.
The TJN is perhaps the simplest queue network imaginable and it is only
natural to ask what happens when the model is extended to take into account
networks of arbitrary topology and general job routing schemes. The answer to
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this question was provided by J.R. Jackson who showed that the steady state
distribution of these systems is still given by a product form [11, 12]. The shared
surname with R.R.P. has however caused confusion among many (including the
author signed above) and this is a good opportunity to set things straight: the
TJN and the product form associated with it are known as Jackson's theorem
(R.R.P.), Jackson's networks are due to Jackson (J.R.) [13].
It is important to note that Jackson's networks are not limited to constant
arrival and service rates. Both R.R.P. and J.R. Jackson recognized the fact that
real production systems may, as the amount of work-in-process grows, reduce
the rate at which new work is injected or increase the rate at which processing
takes place. Indeed, the original product form result of R.R.P Jackson also holds
true for sequential networks of

M/M/c queues [8].

In these systems, the service

rate rst rises linearly with the number of jobs in the queue and then attens
at a constant value.
with

ck ≥ 1

This happens because the

queue is now equipped

identical servers  each with service rate

simultaneously serve up to
given by

k th

min(Xk , ck ) · µk .

ck

µk .

These servers can

jobs in parallel and the eective service rate is thus

This somewhat particular scenario may be extended

to networks of general topology in which service rates depend almost arbitrarily
upon the number of jobs present in the queue of interest and the arrival rate
depends almost arbitrarily upon the total number of jobs in the system [12].
Jackson networks were the rst signicant development in queueing networks theory [14]. Devised in the early sixties of the twentieth century, Jackson
networks were further advanced upon to form a theoretical foundation suitable for the analysis of the then emerging packet-switched networks (e.g., the
ARPANET) which have by now fully evolved into today's World Wide Web [15].
Since then, the work of J.R. Jackson has found many other applications and has
recently received wide-spread recognition when it was re-printed in a special issue dedicated to the `Ten Most Inuential Titles of Management Science's First
Fifty Years' [16].
Jackson networks were rediscovered in 1970 by Frank Spitzer when he considered various systems of interacting particles [17].

Mediated only through

the dependence of the service rate on the number of jobs present in the same

queue, interactions in Jackson networks are zero-ranged, i.e., they do not allow jobs at two dierent queues (even if adjacent) to feel each other. In the
statistical-physics community, Jackson networks are hence better known as the
Zero-Range Process [18, 19]. Other types of interaction were also studied by
Spitzer and the prominent example of excluded volume interactions or exclusion will now be discussed. .

3.2

The Asymmetric Simple Exclusion Process

The Asymmetric Simple Exclusion Process (ASEP)  a stochastic process taking place on a discrete one-dimensional lattice of

n

sites  is a paradigmatic

model in non-equilibrium statistical physics [20, 21, 22, 23].

Having rst ap-

peared in the literature as a model of bio-polymerization [24], it was later introduced to the probability theory and statistical-physics communities by Frank
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Spitzer [17], and has now become a default model for stochastic transport with
excluded volume interactions. Over the years, the ASEP and its variants were
used to study a wide range of physical phenomena: transport across membranes
[25], transport of macromolecules through thin vessels [26], hopping conductivity in solid electrolytes [27], reptation of a polymer in a gel [28], trac ow
[29], gene translation [30, 6], surface growth [31, 32], sequence alignment [33],
molecular motors [34] and the directed motion of tracer particles in the presence
of dynamical backgrounds [35, 36, 37, 38].
In the ASEP, particles ow randomly in time, into the leftmost site of a
one-dimensional lattice and propagate unidirectionally (to the right) along the
lattice.

Particles move from a site to its right-neighboring site randomly in

time  the hopping restricted by the exclusion principle which allows sites to
be occupied by no more than one particle at a time.
particles exit the system randomly in time.

At the rightmost site,

The exclusion principle causes

jamming throughout the lattice, and renders the ASEP's dynamics highly nontrivial.
The translation between the Queueing-Theory setting of the TJN and the
statistical-physics setting of the ASEP is straightforward: `jobs' are `particles'
and `service stations' are `sites'. The random inow into the leftmost site in the
ASEP, the random instants of hopping from site to site, and the random outow from the rightmost site are all governed by independent Poisson processes.
Denoting an occupied site by

•

and an empty site by

◦,

the ASEP's dynamics

can be schematically summarized as follows: (i) rst site (k

= 1):

λ

◦, · · · −
→ •, · · · ;
(ii) interior sites

(6)

(1 < k ≤ n − 1):
µk

· · · , •, ◦, · · · −−→ · · · , ◦, •, · · · ;
(iii) last site (k

(7)

= n):
µn

· · · , • −−→ · · · , ◦ .

(8)

Recalling that the capacity of a queue is the maximum number of jobs allowed in
it (including those in service); One can think of the ASEP as a TJN of Markovian
queues with single job capacity. When this number is reached, further arrivals
to the rst site are turned away and blocking occurs in interior sites.
In contrast to the steady state distribution of the TJN, that of the ASEP
does not obey a product form, i.e., particle occupancies in distinct sites are
statistically dependent. It is nevertheless interesting to note that exact expressions for the steady state distribution can sometimes be put in the form of a
matrix-product. To this end, the statistical weight of each of the

2n

possible

congurations of an ASEP lattice is constructed as a product of matrices, one
for each site, chosen according to the state of the site (occupied or empty).
The probability to observe the lattice in an particular conguration can then
be obtained following proper normalization. A matrix-product solution for the
steady state distribution of the ASEP was rst derived in [39]. Matrix-product
forms are reviewed in [23].
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Figure 1: An Illustration of the ASIP.

3.3

The Asymmetric Simple Inclusion Process

Exclusion is central to the ASEP and while this principle is often suitable for
the description of some physical systems, it is not suitable for the description
of others. Altering the ASEP such that arbitrarily many particles are allowed
to simultaneously occupy any given site, one ends up with two dierent models: the tandem Jackson network (discussed in Subsection 3.1 above), and the
Asymmetric Simple Inclusion Process (ASIP), a model which was introduced
and analyzed in [1, 2, 3, 5] and is the subject of this thesis. The ASIP is similar
to the ASEP  albeit replacing the exclusion principle by an inclusion principle.
In both processes, random events cause particles to propagate unidirectionally
along a one-dimensional lattice. In the ASEP particles are subject to exclusion
interactions that keep them singled apart, whereas in the ASIP particles are
subject to inclusion interactions that coalesce them into inseparable clusters.
The formulation of the ASIP is as follows. Consider a one-dimensional lattice
of

n

sites indexed

k = 1, · · · , n.

Each site is followed by a gate  labeled by

the site's index  which controls the site's outow. Particles arrive at the rst
site (k

= 1)

λ, the openings of gate k are
µk (k = 1, · · · , n), and the n + 1

following a Poisson process with rate

timed according to a Poisson process with rate

Poisson processes are mutually independent. A key feature of the ASIP is its
`batch service' property: at an opening of gate

k

k

all particles present at site

k + 1  thus
k + 1 (k = 1, · · · , n − 1). At
an opening of the last gate (k = n) all particles present at site n exit the lattice
simultaneously. Denoting the number of particles present in site k (k = 1, · · · , n)
by Xk , the ASIP's dynamics can be schematically summarized as follows: (i)
rst site (k = 1):
transit simultaneously, and in one batch (one cluster), to site

joining particles that may already be present at site

λ

X1 , X2 , · · · −
→ X1 + 1, X2 , · · · ;
(ii) interior sites

(1 < k ≤ n − 1):
µk

· · · , Xk−1 , Xk , Xk+1 , · · · −−→ · · · , Xk−1 , 0, Xk+1 + Xk , · · · ;
(iii) last site (k

(9)

(10)

= n):
µn

· · · , Xn−1 , Xn −−→ · · · , Xn−1 , 0 .
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(11)

csite = 1

csite = ∞

ASEP
ASEP

TJN
ASIP

cgate = 1
cgate = ∞

Table 1: Capacity classication of the TJN, ASEP, and ASIP models.

The ASIP is further illustrated in Figure 1.
Interestingly, all three models  TJN, ASEP, and ASIP  share the aforementioned sites-gates lattice structure. To pinpoint the dierence between the
models consider the two following characteristic capacities: (i) site capacity

csite

 the maximal number of particles that can simultaneously occupy a given
site, and (ii) gate capacity

cgate

 the maximal number of particles that are

simultaneously transferred through a given gate when it opens. In each of the
above-mentioned models particles propagate according to the following rule: at

present at site

k , min(Xk , csite − Xk+1 , cgate ) particles transit simultanek to site k + 1  thus joining particles that may already be
k (k = 1, 2, · · · , n − 1). At an opening of the last gate (k = n),

min(Xk , cgate )

particles exit the lattice simultaneously.

an opening of gate
ously from site

csite = 1 and the gate capacity can be any
1 ≤ cgate ≤ ∞. In the TJN the site capacity is csite = ∞ and
capacity is cgate = 1. In the ASIP the site capacity is csite = ∞ and
capacity is cgate = ∞. The capacity classication is summarized in

In the ASEP the site capacity is
positive integer
the gate
the gate

Table 1  from which it is evident that the ASIP is, in eect, a `missing puzzle
piece' connecting together the well established and the well studied ASEP and
TJN models.
From a queueing theory perspective, the ASIP is a sequential array of Markovian queues with unbounded capacity and unlimited batch service [40, 41]: all
particles present at a given service station are served collectively (and thus
move together to the next service station or out of the system).

The notion

of `batch service' is strongly related to growth-collapse processes.

Consider a

single service station with batch service. Jobs arrive to the station randomly in
time  causing the queue to grow steadily; when service is rendered all jobs are
served simultaneously  causing the queue to collapse to zero. Thus, stochastic
growth-collapse temporal patterns emerge from the application of batch-service
policies [40, 41, 42, 43, 44]. Interestingly, these patterns appear in a variety of
complex systems, including: sand-pile models and systems in self-organized criticality [45], stick-slip models of interfacial friction [46], Burridge-Knopo type
models of earthquakes and continental drift [47], stochastic avalanche models [48], stochastic Ornstein-Uhlenbeck capacitors [49] and geometric Langevin
equations [50]. The ASIP model is, in eect, a tandem array of growth-collapse
processes.
From a statistical physics perspective, the ASIP is a model for unidirectional transport with coagulation.

Such reaction-diusion models have been

extensively studied since the pioneering work of Smoluchowski [51]. Yet still,
unresolved issues and intriguing new facets cause them to raise interest even to-
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day [52, 53]. Two of the simplest models of this kind are the coalescence-diusion
model

1

··· • •··· −
→ ··· ◦ •··· ,
1

··· • ◦··· −
→ ··· ◦ •··· ,
where

•

represents an occupied site and

◦

(12)

represents an empty site, and the

aggregation-diusion model

1

· · · Al Al 0 · · · −
→ · · · 0Al+l0 · · · ,
1

· · · Al 0 · · · −
→ · · · 0Al · · · ,
where

Al

represents a site occupied by

(13)

l > 0 particles, and 0 represents an empty

site [54].
The studies dedicated to the models described in Eqs. (12) and (13) were,
by and large, carried out in a one-dimensional ring topology. Under these conditions many statistical properties can be calculated exactly using the emptyinterval method [54, 55], which we shall address in chapter 8. The ASIP, with
homogeneous unit rates

{µ1 = · · · = µn = 1},

can be viewed as a generalization

of aggregation-diusion models to an open system. Indeed, the bulk ASIP dynamics of Eq. (10) is identical to the dynamics of Eq. (13). Similarly, when one
disregards the number of particles occupying each site (Xk ) and focuses only
on whether sites are occupied or not (Xk

>0

turns into an open-boundary version of Eq.

or

Xk = 0),

(12).

the ASIP dynamics

In the following chapter,

we combine probabilistic and Monte-Carlo analysis to explore the ASIP and
demonstrate that it is a true showcase of statistical complexity.
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4

A Showcase of Complexity

In this chapter we motivate the study of the ASIP as a showcase of complexity.
We use Monte-Carlo simulations to unveil a rich assortment of statistical behaviors which manifest the ASIP's intrinsic complexity. We focus on the steady

 1) homogeneous ASIPs that are characterized by identical
µ1 = · · · = µn . In Chapter 5, we show that this particular subclass

state of large (n
service rates:

of ASIPs is optimal with respect to various measures of eciency and is hence
of special importance.

Here, we are mainly interested in demonstrating that

complex behavior is observed even in the simplest ASIP systems imaginable

λ = µ1 = · · · = µn = 1.
Xk (t) the number of particles present in site
k at time t, and set X (t) = (X1 (t) , · · · , Xn (t)). The random vector X (t)
represents the ASIP's occupancy at time t (t ≥ 0). In Chapter 5, we show
that the stochastic processes (X (t))t≥0 is asymptotically stationary, and that
it converges in law (as t → ∞) to a stochastic limit X = (X1 , · · · , Xn ). The
random variable Xk represents the number of particles present at site k at steady
state, and the random vector X represents the ASIP's occupancy at steady state.
Henceforth, given a vector v = (v1 , ..., vn ) we denote by |v| = v1 + ... + vn its
sum of coordinates, and by #(v) the number of its non-zero coordinates.

and further set

In what follows we denote by

In many systems results obtained by mean eld analysis provide a fair approximation to the systems' steady state behavior. This holds for the ASEP and
TJN, but does not hold for the ASIP. In Chapter 5, we show that the ASIP's
mean occupancy at steady state is given by

hXk i = λ/µk (k = 1, · · · , n). Thus,
hXk i = 1. On the other

for the homogeneous ASIPs discussed in this chapter

hand, Monte-Carlo analysis depicted in top panel of Figure 2 asserts that the

 1):

Pr (Xk > 0) ≈ k −1/2 ,





hXk | Xk > 0i ≈ k 1/2 ,





σ (Xk ) / hXk i ≈ k 1/4 ,

following power-law asymptotics hold (k

(14)

σ (Xk ) denotes the standard deviation of the random variable Xk . Namely,
k is occupied decreases like k −1/2 ;
(ii) the conditional mean number of particles occupying site k , given that the
1/2
site is occupied, increases like k
[57]; (iii) the standard deviation of the number of particles occupying site k , measured with respect to the mean number
1/4
of particles occupying site k , increases like k
. The power-law asymptotics of
Eq. (14) imply that `downstream sites' (k  1) are rarely occupied, but when
where

at steady state: (i) the probability that site

they are  they are occupied by a large number of particles (in comparison to
the mean occupancy

hXk i = 1).

This `all-or-none' type of steady-state behavior

results in large occupancy uctuations of downstream sites, and hence renders
the mean eld approach rather limited for the ASIP.
The power-law asymptotics of Eq. (14) are further induced to the ASIP's
density of occupied sites:

Dn =

1
n # (X). A Monte-Carlo analysis depicted in
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k is occupied, as a function
k , on a log-log plot; the linear t implies a power law decay with
exponent −1/2. Top panel inset: The mean and the standard deviation (STD)
of the occupancy of site k , as a function of the index k . Each site is occupied, on
1/4
average, by a single particle, yet the uctuations around the mean grow like k
,

Figure 2: Top panel main: The probability that site
of the index

and are hence typically much larger than the mean occupancy itself. Bottom
panel: The mean and the relative STD of the density of occupied sites, as a
function of the lattice size

n,

on a log-log plot; the linear ts imply power law

decays with respective exponents

−1/2

and

condensation.
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−1/4

 which, in turn, manifests

the bottom panel of Figure 2 asserts that the following power-law asymptotics
hold (n

 1):

 hDn i ≈ n−1/2


where

σ (Dn )

,
(15)

σ (Dn ) / hDn i ≈ n−1/4

,

denotes the standard deviation of the density

Dn .

Namely, at

steady state the particles occupying the lattice sites condense to a vanishingly

Dn of
n−1/2 ; (ii)

small fraction

sites: (i) the mean density of occupied sites decreases to

zero like

the standard deviation of the density of occupied sites,

measured with respect to the mean density of occupied sites, decreases like

n−1/4 .

This power-law condensation of particles is yet another manifestation of

the `all-or-none' steady-state behavior noted above.

Θn of the ASIP at steady
Load, draining time, inter-exit time, and coalescence time. A Monte-

We now turn to explore four key observables
state:

Carlo analysis asserts that these four observables (to be dened momentarily)
are random variables admitting asymptotic stochastic approximations of the
form (n

 1):
Θn ≈ an · Θ + bn

where

an

and

bn

,

(16)

are deterministic scaling coecients, and where

random variable. For each observable the coecients
will be specied hereinafter.

an , bn ,

Θ is a limiting
Θ

and the limit

We note that the three random times explored

below  the draining time, the inter-exit time, and the coalescence time  are,
in eect, rst passage times of the ASIP [58].

Load. The ASIP's load is the total number of particles present in the lattice:
√
Θn = |X|. For the ASIP's load the coecients are an = 2n and bn = n, and
the limit Θ is Gaussian with zero mean and unit variance. This result is identical, in form, to the standard Central Limit Theorem (CLT) [59]. However, while
the standard CLT setting requires the random variables

n

{Xk }k=1

to be inde-

pendent and identically distributed, in the ASIP the random variables

n

{Xk }k=1

are neither independent nor identically distributed. In Chapter 5 we establish

(λ, µ1 , · · · , µn ) is equal, in law,
independent single-site ASIPs with respective rates

that the steady state load of an ASIP with rates
to the sum of loads of

(λ, µ1 ) , · · · , (λ, µn ).

n

Thus, in the case of homogeneous ASIPs, the CLT can be

applied to obtain the load asymptotics.

Draining time.
that at time

X (0) = X.
of particles:

t=0

Consider the ASIP with no inow (λ

= 0),

and assume

the ASIP's occupancy is given by the steady state vector:

The ASIP's draining time is the time elapsing till the lattice is clear

Θn = inf{t ≥ 0 | |X (t)| = 0}.

In other words, the ASIP's draining

time is the random time required for `draining out' an ASIP at steady state, after
having blocked the inow of new-coming particles. For the ASIP's draining time
the coecients are

an =

√

n

and

bn = n ,

and the limit

Θ

is Gaussian with zero

mean and unit variance. In eect, Monte-Carlo analysis illustrated in Figure 3
asserts that the draining time
variance

Θn

n.

Θn

is approximately Gamma with mean

n

and

In turn, this Gamma approximation implies that the draining time

is equal, in law, to the sum of

n

independent Exponential random variables
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Figure 3: Main: Gamma approximation of the draining time; bars represent
simulated histograms, and dashed lines represent Gamma density ts.
mean and the variance of the Gamma distribution, for
given respectively by

[49, 99, 149]

and

The

n = [50, 100, 150],

[51.1, 101.3, 151.2].

are

Inset: The Gaussian

limit of the scaled draining time.

with unit mean [59]. Thus, the CLT applies to the draining-time asymptotics
as well.

Inter-exit time. The openings of the last ASIP gate are governed by a Poisson
process with unit rate (µn

= 1),

and when the last gate opens all the particles

present in the last site exit the lattice. Equation (14) asserts that the steadystate probability that the last site is non-empty is given by

Pr (Xn > 0) ≈ n−1/2 .

Consequently, not every opening of the last gate indeed results in an exit of
particles from the lattice. The ASIP's inter-exit time  for an ASIP in steady
state  is dened as the time elapsing between two consecutive time epochs at
which particles exit the lattice. For the ASIP's inter-exit time the coecients
are

an =

√

πn

and

bn = 0,

and the limit

Θ

is Rayleigh with unit mean and

probability tail


Pr (Θ > t) = exp −πt2 /4
(t

> 0).

(17)

In eect, the Monte-Carlo analysis illustrated in Figure 4 shows that

the Rayleigh approximation well captures the data even for relatively small

n.

The hazard rate hT (t) (t > 0) of a random time T is dened as the limit
hT (t) = limδ→0 1δ Pr(T ≤ t+δ | T > t) [60]. Namely, given that the random time
T did not realize during the time interval [0, t], the realization rate of random
time T immediately after time t is hT (t). On the one hand, the ASIP's interarrival time is Exponential  which is the unique random time characterized
by a constant hazard rate.

On the other hand, the ASIP's inter-exit time is

approximately Rayleigh  which is the unique random time characterized by
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Figure 4: Main: Rayleigh approximation of the inter-exit time; bars represent
simulated histograms, and dashed lines represent Rayleigh density ts.

The

n = [50, 100, 250], are given
respectively by [12.6, 17.8, 28.1] and [43.3, 86.2, 215.4]. Inset: The Rayleigh limit

mean and variance of the Rayleigh distribution, for
of the scaled inter-exit time.

a linear hazard rate. Namely, the inter-arrival time is memory-less (due to its
constant hazard rate), whereas the inter-exit time is aging linearly:

(π/2) · t.

hΘ (t) =

Thus, in the transition from the ASIP's inow to the ASIP's outow

an aging eect emerges.

Coalescence time. Consider a circular ASIP in which the output from the
last site is the input of the rst site, and assume that at time
occupied:

#(X (0)) = n.

t=0

all sites are

As time progresses, gates open and particles coalesce

into larger and larger particle-clusters. Eventually, all particles will coalesce to
a single `super cluster'. The ASIP's coalescence time is the time elapsing till
all particles coalesce together and form the `super cluster': Θn = inf{t ≥ 0 |
#(X (t)) = 1}. For the ASIP's coalescence time the coecients are an = n2 /6
and bn = 0, and the limit Θ is Inverse Gaussian with unit mean and probability
density function

2

d
1
(t − 1)
Pr (Θ ≤ t) = √
· t−3/2 exp −
dt
2νt
2πν
(t

> 0; ν = 2/5).

!
(18)

In eect, the Monte-Carlo analysis illustrated in Figure 5

shows that the Inverse-Gaussian approximation well captures the data even for
relatively small

n.
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Figure 5: Main: Inverse-Gaussian approximation of the coalescence time; bars
represent simulated histograms, and dashed lines represent Inverse-Gaussian

n = [50, 75, 100],
[69984, 354334, 1126670]. Inset:

density ts.

The mean and the variance, for

are given re-

spectively by

[416, 937, 1669]

The Inverse-

and

Gaussian limit of the scaled coalescence time.

Load
Draining time
Inter-exit time
Coalescence time
Table 2:

an
√
2n
√
n
√
πn
n2 /6

bn

Θ

hΘi

σ 2 (Θ)

n
n
0
0

Gaussian

0

1

Gaussian

0

Rayleigh

1

Inv. Gauss.

1

1
4−π
π
2/5

Asymptomatic stochastic approximations of the ASIP observables:

Load, draining time, inter-exit time, and coalescence time.

In this chapter we have shown that the statistical behavior of the ASIP
is rich  ranging from various `mild' and `intermediate' forms of randomness
(displayed by the load and rst passage times), to `wild' forms of randomness
(displayed by the occupancies and by the density of occupied sites) [61]. The
four asymptotic stochastic approximation results are summarized in Table 2
above. In the following chapters we will study the ASIP with analytical tools
and rigorously establish a comprehensive characterization of its steady state
statistics.
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5

First Steps

In this chapter we make rst steps in the analysis of the ASIP model. Our focus
is set on the stochastic dynamics and the stationary statistics of the ASIP's
occupancy-vector: the

n-dimensional

vector counting the number of particles

present in each lattice site (at any given time). We derive evolution equations
and steady-state equations for the mean and for the Probability Generating
Function (PGF) of the ASIP's occupancy-vector. Explicit steady state solutions
are obtained for the mean. Explicit steady-state solutions are also obtained for
the PGF of small ASIP systems (n

= 1, 2, 3),

and a computational scheme for

solving the steady-state PGF equations for ASIP systems of arbitrary size is
presented. We show that the steady-state PGF solutions `explode' in complexity as the lattice-size increases



analytically intractable for large

thus rendering the ASIP's occupancy vector

n.

The ASIP's load is the total number of particles present in the lattice. In
comparison to the ASIP's occupancy-vector, analytical tractability of the ASIP's
load is much more simple. Indeed, we obtain closed-form results for the mean,
variance, and PGF of the ASIP's load in steady-state. Interestingly, the load's
PGF admits a product form representation



which, in turn, implies a surpris-

ing stochastic decomposition structure. Moreover, with the explicit steady-state
load results at hand, we further study load-optimization in steady-state, seeking system-parameters





namely, the rates of the underlying exponential clocks

that optimize the ASIP in various aspects.

Our analysis concludes that

optimality is attained by homogenous ASIP systems in which the underlying
`exponential clocks' all have the same rate.
The reminder of the chapter is organized as follows. In Sections 5.15.3 we
describe the traversal time, derive the ASIP's Markovian `law of motion', and
present a Monte Carlo algorithm for the simulation of its stochastic evolution.
The mean analysis and the PGF analysis of the ASIP are carried out, respectively, in Sections 5.4 and 5.5. The solution of the ASIP's PGF in steady state is
discussed in Section 5.6. The ASIP's load and load-optimization are analyzed,
respectively, in Sections 5.7 and 5.8.

5.1

Traversal Time

Consider the random time

T

it takes a particle to traverse the system

forth termed the ASIP's `traversal time '. That is,

T



hence-

is the time elapsing from

the instant a particle arrives at the rst site, till the instant it leaves the system.
Due to the memory-less property of the exponential distribution, the time elapsing from the arrival of a particle to site
rst opening of gate

k

k

(at an arbitrary time epoch), till the

thereafter, is exponentially distributed with mean

1/µk .

A particle arriving to the system would thus wait an exponentially-distributed
random time (with mean

1/µ1 ) till moving from the rst site to the second site,
1/µ2 ) till mov-

then wait an exponentially-distributed random time (with mean

ing from the second site to the third site, and so forth. Since the gate-openings
are governed by independent Poisson processes we conclude that the traversal
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time

T

admits the following stochastic representation

T = 41 + · · · + 4n
where

,

(19)

{41 , · · · , 4n } is a sequence of independent and exponentially-distributed
{1/µ1 , · · · , 1/µn }. Consequently, the
and the variance of the traversal time T are given, respectively, by

random times with corresponding means
mean

E [T ] =

1
1
+ ··· +
µ1
µn

Var [T ] =

1
1
+ ··· + 2
2
µ1
µn

and

Henceforth, we shall use the shorthand notation

(20)

.

(21)

µ = µ1 + · · · + µn

for the

system's cumulative `service rate'.

5.2

Markovian dynamics

Xk (t) denote the number of particles present in the k th site (k = 1, · · · , n) at
time t (t ≥ 0), and set X (t) = (X1 (t) , · · · , Xn (t)). The vector X (t) represents
0
the system's occupancy at time t. Observe the system at times t and t = t + ∆
0
0
(for small ∆) and use the shorthand notation X = X (t) and X = X (t ). The
0
stochastic connection between the random vectors X and X
characterizing
the Markovian `law of motion' of the stochastic process (X (t))t≥0
is given

Let



by:



(X10 , · · · , Xn0 )

=


(X1 , X2 , X3 , · · · , Xn−1 , Xn )








(X1 + 1, X2 , X3 , · · · , Xn−1 , Xn )









 (0, X1 + X2 , X3 , · · · , Xn−1 , Xn )



















w.p.

1 − (λ + µ) ∆ + o(∆) ,

w.p.

λ∆ + o(∆) ,

w.p.

µ1 ∆ + o(∆) ,
µ2 ∆ + o(∆) ,

(X1 , X2 , X3 , · · · , 0, Xn−1 + Xn )

w.p.
..
.
w.p.

µn−1 ∆ + o(∆) ,

(X1 , X2 , X3 , · · · , Xn−1 , 0)

w.p.

µn ∆ + o(∆) .

(X1 , 0, X2 + X3 , · · · , Xn−1 , Xn )
..
.

(22)
Eq. (22) follows from considering the totality of events that may take place
within the time interval

(t, t0 ].

There are

n+1

such events, and we label them

according to the Poisson processes inducing them: (0) the arrival of a particle
to the rst site



X10 = X1 + 1; (1)



occurring with probability

λ∆ + o(∆)

opening of the rst gate

occurring with probability
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X1 7→
µ1 ∆ +

in which case



X2 →
7 X20 = X1 + X2 ; (2) opening of
the second gate
occurring with probability µ2 ∆+o(∆)
in which case X2 7→
X20 = 0 and X3 7→ X30 = X2 + X3 ; · · · ; (n − 1) opening of the gate before last
0
occurring with probability µn−1 ∆ + o(∆)
in which case Xn−1 7→ Xn−1 = 0
0
and Xn 7→ Xn = Xn−1 + Xn ; (n) opening of the last gate
occurring with
0
probability µn ∆ + o(∆)
in which case Xn 7→ Xn = 0. The rst line on the

o(∆)

in which case



X1 7→ X10 = 0

and











right-hand-side of Eq. (22) represents the scenario in which no event takes place



which occurs with the complementary probability

5.3

1 − (λ + µ) ∆ + o(∆).

Monte Carlo Simulation

The ASIP's random trajectory

(X (t))t≥0

changes discretely rather than contin-

uously. Indeed, between the underlying `Poissonian events'
ticle to the system, or an opening of one of the

n gates





arrival of a par-

the ASIP's trajectory

does not change. Consider now the ASIP's trajectory at the instants it changes

Yk (s) denote the numk th site (k = 1, · · · , n) immediately after the sth
Poissonian event took place (s = 1, 2, · · · ), and set Y (s) = (Y1 (s) , · · · , Yn (s)).
0
Observe the system at two consecutive Poissonian events, s and s = s + 1, and
0
0
use the shorthand notation Y = Y (s) and Y = Y (s ). The properties of the

(i.e., arrival of a particle or an opening of a gate). Let
ber of particles present in the

exponential distribution imply that [59]:
1. The time elapsing between two consecutive Poissonian events

s+1

is exponentially distributed with mean

s

and

s0 =

1/ (λ + µ).

2. The stochastic connection between the random vectors

Y

and

Y0



characterizing the Markovian `law of motion' of the stochastic process

∞

(Y (s))s=1



is given by

(Y10 , · · · , Yn0 )

(Y1 + 1, Y2 , Y3 , · · · , Yn−1 , Yn )








(0, Y1 + Y2 , Y3 , · · · , Yn−1 , Yn )






(Y1 , 0, Y2 + Y3 , · · · , Yn−1 , Yn )
=

 ..

.




(Y , Y , Y , · · · , 0, Yn−1 + Yn )


 1 2 3




(Y1 , Y2 , Y3 , · · · , Yn−1 , 0)

w.p.

λ/ (λ + µ) ,

w.p.

µ1 / (λ + µ) ,

w.p.
..
.
w.p.

µ2 / (λ + µ) ,

w.p.

µn / (λ + µ) .

µn−1 / (λ + µ) ,

(23)

3. The time elapsing between the two consecutive Poissonian events

s0 = s + 1,

and the change

Y 7→ Y0 ,

s

and

are mutually independent.

Eq. (23) follows from considering the totality of events that lead to a change

Y 7→ Y0 .

There are

n+1

such events, and we label them according to the
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Poisson processes inducing them: (0) the arrival of a particle to the rst site
occurring with probability
opening of the rst gate





in which case

occurring with probability



Y1 7→ Y10 = Y1 + 1; (1)
µ1 / (λ + µ)
in which



Y2 7→ Y20 = Y1 + Y2 ; (2) opening of the second gate
0
occurring with probability µ2 / (λ + µ)
in which case Y2 7→ Y2 = 0 and
0
Y3 7→ Y3 = Y2 + Y3 ; · · · ; (n − 1) opening of the gate before last
occurring
0
with probability µn−1 / (λ + µ)
in which case Yn−1 7→ Yn−1 = 0 and Yn 7→
Yn0 = Yn−1 + Yn ; (n) opening of the last gate
occurring with probability
0
µn / (λ + µ)
in which case Yn 7→ Yn = 0. Properties 1,2 and 3 establish, in
case



Y1 7→ Y10 = 0

λ/ (λ + µ)

and











eect, a simple and straightforward Monte Carlo algorithm for the simulation
of the ASIP's random trajectory.

5.4

Mean Dynamics and Mean Analysis

X (t)
Y (s) (s = 1, 2, · · · ). Throughout the section we use the shorthand
T
notation λ = (λ, 0, · · ·, 0) , and the shorthand matrix notation


−µ1
···
 µ1 −µ2

···




µ
−µ
2
3


(24)
M=

..
..


.
.




µn−2 −µn−1
µn−1 −µn

In this section we study the dynamics of the means of the random vectors
(t

≥ 0)

vector

and

(Note: in the above Matrix all blank spaces represent zero entries).

5.4.1

Mean Dynamics of

X (t)

Denote the mean of the random vector

X (t)

by

>

eX (t) = (E [X1 (t)] , · · · , E [Xn (t)])

28

.

(25)

Observe the system at times

t and t0 = t+∆.

Conditioning on

X(t) and utilizing

the Markovian dynamics of Eq. (22) yields

E [X(t0 )] = E [E [X(t0 )| X(t)]]
























h
i
>
(1 − (λ + µ) ∆) E [X(t)] + λ∆E X(t) + (1, 0, · · · , 0)
+
h
i
>

(µ1 ∆)E X(t) + (−X1 (t) , X1 (t) , 0, · · · , 0)
+
h
i
>
(µ2 ∆)E X(t) + (0, −X2 (t) , X2 (t) , · · · , 0)
=
+···+

h
i


>

(µ
∆)E
X(t)
+
(0,
·
·
·
,
0,
−X
(t)
,
X
(t))

n−1
n−1
n−1




+


h
i


 (µn ∆)E X(t) + (0, · · · , 0, −Xn (t))>





+



o(∆) .
Rearranging the terms of Eq.
conclude that

(26), dividing by

∆,

and taking

(26)

∆ → 0,

deX
(t) = MeX + λ .
dt

we

(27)

Eq. (27) represents the `mean dynamics' of the random vector

X (t).

Namely, it

transforms the Markovian dynamics of Eq. (22) to a dierential equation that
governs the temporal evolution of the mean vector

eX (t) (t ≥ 0).

The solution

of Eq. (27) can be shown to be given by

eX (t) = M−1 [exp(Mt) − I] λ .
5.4.2

Mean Dynamics of

(28)

Y (s)

Denote the mean of the random vector

Y (s)

by

>

eY (s) = (E [Y1 (s)] , · · · , E [Yn (s)])
Observe the system at two consecutive
Conditioning on

Y(s)

s

and

.

s0 = s + 1

(29)
Poissonian events.

and utilizing the `law of motion' presented in Eq. (23)

29

yields

E [Y(s0 )] = E [E [Y(s0 )|Y(s)]]

h
i
>
λ

E
Y(s)
+
(1,
0,
·
·
·
,
0)

λ+µ




+


h
i


>
µ1

E
Y(s)
+
(−Y
(s)
,
Y
(s)
,
0,
·
·
·
,
0)

1
1
λ+µ




+


h
i
>
µ2
=
E
Y(s)
+
(0,
−Y
(s)
,
Y
(s)
,
·
·
·
,
0)
2
2
λ+µ



+ · · · +h


i


 µn−1 E Y(s) + (0, · · · , 0, −Yn−1 (s) , Yn−1 (s))>

λ+µ




+


h
i
 µ

 n E Y(s) + (0, · · · , 0, −Yn (s))> .
λ+µ

(30)

Rearranging the terms of Eq. (30) we conclude that

(λ + µ) (eY (s0 ) − eY (s))
(31)

= MeY (s) + λ .
Eq. (31) represents the `mean dynamics' of the random vector

Y (s).

That is, it

transforms the `law of motion' of Eq. (23) to a dierence equation that governs

eY (s) (s = 1, 2, · · · ).

the temporal evolution of the mean vector

The solution

of Eq. (31) can be shown to be given by


eY (s) = M−1 (I +
5.4.3


1
M)s − I λ .
λ+µ

(32)

Mean Analysis in Steady State

Consider now the ASIP model in steady state.

(X (t))t≥0

∞

In steady state the stochastic

(Y (s))s=1 are stationary, and hence their respective
means are time-homogeneous: eX (t) ≡ eX (t ≥ 0) and eY (s) ≡ eY (s =
1, 2, · · · ). Substituting the time-homogeneous vectors eX (t) ≡ eX and eY (s) ≡
eY , respectively, into Eqs. (27) and (31) yields the common equation
processes

and

0 = Me + λ .
(where

eX

and

e =(e1 , · · ·, en ) is the unknown
eY are governed by Eq. (33).

(33)

vector). Namely, both the mean vectors

A straightforward computation of Eq. (33) yields the steady state solution

ek = E [Xk (t)] = E [Yk (s)] =
(k

= 1, · · · , n).

Combining Eqs.

λ
µk

(34)

(20) and (34) together further yields the

following steady state formula:

"
E

n
X

k=1

#
Xk (t) = E

"

n
X

#
Yk (s) =

k=1

n
X
λ
= λE [T ]
µk

k=1

30

.

(35)

Equation (35) asserts that at steady state the mean number of particles in the
system is given by the product
mean traversal time

E [T ]



λE [T ]:

the ow rate

λ into the system times the

the mean sojourn time of an arbitrary particle in

the system. Note that although the random variables
similarly

{Y1 (s) , · · · , Yn (s)})

{X1 (t) , · · · , Xn (t)} (and

are intricately dependent, these dependencies do

not aect the mean behavior given by Eq.

(35).

Equation (35) is the `ASIP

version' of the well known Little's law in Queueing theory [9].

5.4.4

Beyond the Mean Description

Fluctuations in the ASIP's occupancy vector grow as the system becomes larger.
This Phenomenon is demonstrated in Figure 6 in which a homogenous ASIP
system is simulated: For each site

k,

we have numerically calculated the steady

state mean and standard deviation of the number of particles
the

k th

Xk

present in

site; the simulation vividly shows a power law growth of the standard

deviation, as a function of the system's size (number of sites). This dramatic
eect is facilitated by the batch service policy of the ASIP model which causes an
all or none behavior which, in turn, leads to site occupancy uctuations whose
typical order of magnitude can be much larger than the mean occupancy itself.
A mean based description fails to capture this complexity and other intricacies
of the ASIP model.

To fully capture the ASIP's statistics, we now turn to

analyze its multidimensional probability distribution via probability generating
functions.

5.5

PGF Dynamics

In this section we study the dynamics of the Probability Generating Functions
(PGFs) of the random vectors

5.5.1

PGF Dynamics of

X (t) (t ≥ 0)

Y (s) (s = 1, 2, · · · ).

and

X (t)

The PGF of the random vector

X (t)

is given by

h
i
X (t) X (t)
GX (t, z1 , z2 , · · · , zn ) = E z1 1 z2 2 · · · znXn (t)
(|zk |

≤ 1, k = 1, · · · , n).

t and t0 = t + ∆ and use
X = X (t0 ). Conditioning on X

Observe the system at times

again the shorthand notation

X = X (t)
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and

(36)

0

Figure 6: Large Fluctuations and the Emergence of Scaling Laws in the ASIP

λ=1
µk = 1 for k = 1, ..., 10, 000. The mean and standard deviation in the number of particles at site k are plotted as a function of the site index. As expected,
model. We have simulated a homogenous ASIP system with 10,000 sites,
and

we nd that regardless of the site index, on average each site is occupied by a
single particle (ek

=

λ
µk

= 1) .

Conversely, the standard deviation in the number

of particles exhibits a power law dependence on
line is given by

N (k) = 1.5 · k

1/4

k

and grows like

∼ k 1/4

(dashed

). As uctuation around the mean are typically

much larger than the mean itself, it is clear that a mean based description is
unable to capture the physics of large ASIP systems.

and utilizing the Markovian dynamics of Eq. (22) we have


E

=

n
Q

0

X
zk k
k=1



  n

Q Xk0
=E E
zk |X
k=1


 n

 n

Q Xk
Q Xk


(1
−
(λ
+
µ)
∆)
E
z
+
(λ∆)E
z
z

1
k
k


k=1
k=1



+


"
#
"
#


n
n


X1 Q Xk
X2 Q Xk

zk
+ (µ2 ∆)E z3
zk

 (µ1 ∆)E z2
k6=1

k6=2

+···+


"
#
"
#


n
n

Q
Q

X
X
X
n−1
k
k

(µn−1 ∆)E zn
zk
+ (µn ∆)E
zk



k6=n

k6=(n−1)



+



o(∆) .
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(37)

Using the PGF notation of Eq. (36), Eq. (37) reads out as follows

GX (t0 , z1 , z2 , · · · , zn )

=













































(1 − (λ + µ) ∆) GX (t, z1 , z2 , z3, · · · , zn−1 , zn )
+
(λ∆)z1 GX (t, z1 , z2 , z3, · · · , zn−1 , zn )
+
(µ1 ∆)GX (t, z2 , z2 , z3 , · · · , zn−1 , zn )
+
(µ2 ∆)GX (t, z1 , z3 , z3 , · · · , zn−1 , zn )
+···+
(µn−1 ∆)GX (t, z1 , z2 , z3, · · · , zn , zn )
+
(µn ∆)GX (t, z1 , z2 , z3, · · · , zn−1 , 1)
+
o(∆) .

Rearranging the terms of Eq.

(38), dividing by

∆,

(38)

and taking

∆ → 0

we

conclude that

∂GX
∂t

=





























(t, z1 , · · · , zn )
[λ (z1 − 1) − µ] GX (t, z1 , z2 , z3, · · · , zn−1 , zn )
+
µ1 GX (t, z2 , z2 , z3 , · · · , zn−1 , zn )
+
µ2 GX (t, z1 , z3 , z3 , · · · , zn−1 , zn )
+···+
µn−1 GX (t, z1 , z2 , z3, · · · , zn , zn )
+
µn GX (t, z1 , z2 , z3, · · · , zn−1 , 1) .

Eq. (39) represents the `PGF dynamics' of the random vector

(39)

X (t).

Namely,

it transforms the Markovian dynamics of (22) to a dierential equation of the
form

∂GX
(t, z) = [AGX ] (t, z) ,
∂t
where z = (z1 , z2 , · · · , zn ), and where A is an operator
`z-part' of the PGF GX (t, z).
5.5.2

PGF Dynamics of

(40)
which acts only on the

Y (s)

The PGF of the random vector

Y (s)

is given by

i
h
Y (s) Y (s)
GY (s, z1 , z2 , · · · , zn ) = E z1 1 z2 2 · · · znYn (s)
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(41)

(|zk |

≤ 1, k = 1, · · · , n).

Poissonian events, and use again the shorthand notation

Y (s0 ).

Conditioning on


E

n
Q

s and s0 = s + 1
Y = Y (s) and Y0 =

Observe the system at two consecutive

Y

and utilizing the `law of motion' of Eq. (23) we have


  n

0
Q Yk0
Y
zk k = E E
zk |Y

k=1

k=1


"
#
 n

n

Q Yk

µ1
Y1 Q Y k
λ

zk + λ+µ E z2
zk

λ+µ E z1


k=1
k6=1




+


#
#
"
"


n
n
µ3
µ2
Y2 Q Y k
Y3 Q Yk
zk + λ+µ E z4
zk
=
λ+µ E z3

k6
=
2
k6
=
3





 + · · · +"
"
#
#


n
n

Q
Q

Yn−1
µn−1
Yk
Yk
µn

zk + λ+µ E
zk
.

 λ+µ E zn

(42)

k6=n

k6=(n−1)

Using the PGF notation Eq. (41) and rearranging terms, Eq. (42) reads out as
follows

GY (s0 , z1 , · · · , zn ) − GY (s, z1 , · · · , zn )
 λ(z −1)−µ
1

GY (s, z1 , · · · , zn )

λ+µ



+


µ1



λ+µ GY (s, z2 , z2 , · · · , zn )



 +
µ2
=
λ+µ GY (s, z1 , z3 , z3 , · · · , zn )



+···+


µn−1


 λ+µ GY (s, z1 , · · · , zn , zn )



+


 µn
λ+µ GY (s, z1 , · · · , zn−1 , 1) .

(43)

Eq. (43) represents the `PGF dynamics' of the random vector

Y (s).

Namely, it

transforms the `law of motion' of Eq. (43) to a dierence equation of the form

GY (s0 , z) − GY (s, z) = [BGY ] (s, z)
where

z = (z1 , z2 , · · · , zn ), and
GY (s, z).

where

B

,

(44)

is an operator which acts only the

`z-part' of the PGF

5.5.3

Steady State

(X (t))t≥0
∞
and (Y (s))s=1 are stationary, and hence their respective PGFs are time-homogeneous:
GX (t, z) ≡ GX (z) (t ≥ 0) and GY (s, z) ≡ GY (z) (s = 1, 2, · · · ). SubstitutConsider now the ASIP model in steady state. The stochastic processes

ing the time-homogeneous PGFs

GX (t, z) ≡ GX (z)
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and

GY (s, z) ≡ GY (z),

respectively, into Eqs. (39) and (43) yields the common equation

[λ (1 − z1 ) + µ] G(z1 , z2 , z3, · · · , zn−1 , zn )

µ1 G(z2 , z2 , z3 , · · · , zn−1 , zn )




+




 µ2 G(z1 , z3 , z3 , · · · , zn−1 , zn )
+···+
=


 µn−1 G(z1 , z2 , z3, · · · , zn , zn )



 +


µn G(z1 , z2 , z3, · · · , zn−1 , 1) .
(where

G (z)

GY (z)

are governed by Eq. (45).

is the unknown function).

(45)

GX (z)

Namely, both the PGFs

and

Assuming that Eq. (45) admits a unique solution (we shall address the issue
of uniqueness in Section 5.6) we obtain that: In steady state, the distribution of

X (t)

the vector

coincides with the distribution of the vector

Y (s).

Namely, in

steady state the ASIP displays the same statistics at arbitrary time epochs and
at `Poissonian events' time epochs.

In the nomenclature of Queueing Theory

such a phenomenon is termed PASTA: Poisson Arrivals See Time Average [9].
The PASTA phenomenon is a central concept in Queueing theory which
implies that arriving customers nd, on average, the same workload in the
queueing system as an outside observer looking at the system at an arbitrary
point in time. More precisely, the fraction of customers nding on arrival the
system in some state
is in state

S.

S

is exactly the same as the fraction of time the system

While well known results in queueing theory assert that the

PASTA phenomenon holds for classes of systems with Poissonian arrivals (also
known as

M/ · /·

systems.

Indeed, even very simple queueing systems may fail to satisfy the

queueing systems), this phenomenon does not hold for general

PASTA phenomenon.
As an example consider the

D/D/1

queueing system. In this system cus-

tomers arrive to a service station with a single server in which they are processed
according to their order of arrival. The customers' inter-arrival times and service
times are deterministic. Let

darr

and

dser

denote, respectively, the deterministic

inter-arrival and service times. Exactly every

darr

time units a new customer

dser time
dser > darr ,
dser ≤ darr .

arrives at the service station, this customer must be served for exactly
units before leaving the system. Clearly the queue will explode if
will be perfectly balanced if
If

dser < darr

dser = darr ,

and will be stationary if

then the queue cycles will coincide with the customers' arrival

epochs, the server will be busy for
in the remaining

darr − dser

dser

time units after arrival, and will be idle

time units. Clearly, arriving customers always ob-

serve an empty system (upon arrival). Hence the fraction of customers nding
the system non-empty is zero. On the other hand the fraction of time the system is non-empty is

dser /darr .

The

D/D/1

queueing model vividly exemplies

how the PASTA phenomenon can be violated even in very simple systems. On
the other hand, the PASTA phenomenon can hold in complex processes such
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as the running maxima of non-linear shot noise [62]. The fact that the PASTA
phenomenon holds for all ASIP system is far from being trivial.
We now turn to describe the embedding phenomenon, another useful prop-

m gates and pa{λ, µ1 , · · · , µm }, and model (B) with n gates and parameters {λ, µ1 , · · · , µn },
m < n. Eq. (45) implies the following embedding phenomenon: The

erty of the ASIP. Consider two ASIP models: model (A) with
rameters
where

steady state distribution of model (A) coincides with the steady state distribution of the rst

m

coordinates of model (B). The derivation of the embedding

phenomenon follows from substituting

zm+1 = · · · = zn = 1 in Eq.

(45). The in-

tuitive understanding of the embedding phenomenon follows from the fact that

= 1, · · · , m)
= m + 1, · · · , n). In
other words, an observation of the rst m sites in a ASIP model with n sites is
indistinguishable from an observation of a ASIP model with m sites (and the

in a ASIP model with

n

gates the operation of the rst

m

gates (k

is indierent to whatever happens in the following gates (k

same parameters).

5.6

Steady State Analysis

In this section we explore Eq. (45) governing the steady state PGF of the ASIP
model.

5.6.1

Explicit Solution:

n=1

Consider the ASIP model with a single gate (n

= 1).

In this case Eq.

(45)

reduces to:

[λ(1 − z1 ) + µ1 ] G(z1 ) = µ1 G (1)
Noting that

G (1) = 1,

and setting

G(z1 ) =
The PGF of Eq.
integers.
variable

p1 = µ1 / (µ1 + λ),

(46)

Eq. (46) implies that

p1
µ1
=
λ(1 − z1 ) + µ1
1 − (1 − p1 )z1

.

(47)

(47) characterizes the Geometric Law on the non-negative

Indeed, expanding both sides of Eq.

z1 )

.

(47) to power-series (in the

yields the probability distribution

Pr (X1 = j) = Pr (Y1 = j) = (1 − p1 )j p1 ,
j = 0, 1, 2 · · ·

(48)

.

The probabilistic explanation of Eq. (48) is as follows: When
think about a `competition' between two Poissonian processes



n = 1,

we can

gate openings

and particle arrivals . The Poissonian nature of these processes implies that the
probability that the rst Poissonian event is an arrival of a particle is

1 − p1 .
p1 .

Similarly, the probability that the rst Poissonian event is a gate opening is

The memory-less property of the exponential distribution implies that in order
for exactly

k

k

particles to leave the system at a gate opening moment, exactly

consecutive arrivals must be followed by a single gate opening.

random variable

Y1

Hence the

is geometrically distributed (on the non-negative integers)
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with parameter

p1 .

As a result of the PASTA phenomenon described in the

previous section, the distribution of the system vector at steady state is equal
in law to the distribution of the system vector immediately after `Poissonian
events' - implying that

5.6.2

X1

coincides, in law, with

Explicit Solution:

Y1 .

n=2

In this subsection we present, via the special case of

n = 2,

an iterative scheme

for the solution of Eq. (45). In the basic step of the scheme, one uses Eq. (45)
in order to obtain expressions for each of the generating functions that appear
on its right-hand-side. Repeating the basic step, time and again, a `branching
tree structure' of generating functions forms. In this tree, each `parent' generating function is expressed by a set of `daughter' generating functions. As we
shall demonstrate, the `daughter' generating functions become somewhat simpler with every step of the scheme. Eventually, the `daughter' generating functions become trivial



forming the `leafs' of our branching tree. The scheme

terminates once all `daughter' generating functions turn into `leafs'. The PGF
is then obtained from `transcending upwards' from the `leafs' of the tree to its
`root'. At the `root' an explicit, and by construction unique, expression for the
PGF is attained.
Consider the ASIP model with two gates (n

= 2).

In this case Eq.

(45)

reduces to


 µ1 G(z2 , z2 )
+
[λ (1 − z1 ) + µ1 + µ2 ] G(z1 , z2 ) =

µ2 G(z1 , 1) .
Now, following the scheme's basic step, we iteratively apply Eq.
`daughters'

G(z2 , z2 )

G(z1 , 1).
G(z2 , z2 ) the

(49)

(49) to the

and

For the `daughter'

basic step yields


 µ1 G(z2 , z2 )
+
[λ (1 − z2 ) + µ1 + µ2 ] G(z2 , z2 ) =

µ2 G(z2 , 1) .

(50)

from which we obtain that

G(z2 , z2 ) =
In turn, for the `daughter'

µ2
G(z2 , 1)
λ (1 − z2 ) + µ2

G(z2 , 1)

.

(51)

Eq. (49) yields


 µ1 G(1, 1)
+
[λ (1 − z2 ) + µ1 + µ2 ] G(z2 , 1) =

µ2 G(z2 , 1) .

(52)

from which we obtain that

G(z2 , 1) =

µ1
G(1, 1)
λ (1 − z2 ) + µ1
37

.

(53)

Figure 7: Schematic illustration of the iterative solution of Eq.

2.

Step A: Eq.

(45) for

n =

(45) is iterated repeatedly, in a branching-tree structure, till

reaching the `leafs' G(1,1)=1.
value of the `root'

G(z1 , z2 )

For the `daughter'

Step B: The tree is `folded back' yielding the

(Eq. (57)).

G(z1 , 1)

the iteration yields


 µ1 G(1, 1)
+
[λ (1 − z1 ) + µ1 + µ2 ] G(z1 , 1) =

µ2 G(z1 , 1) .

(54)

from which we obtain that

G(z1 , 1) =

µ1
G(1, 1)
λ (1 − z1 ) + µ1

.

The `leafs' of our `tree' are characterized by the PGF

G(1, 1) = 1 in
yields the `daughters' G(z2 , 1) and G(z1 , 1).

equals unity. Hence, setting

the `leafs'



(55)

G(1, 1)

which trivially

Eqs. (53) and (55)

Substituting the `daughter'



G(z2 , 1)

into Eq. (51) yields the `daughter'

G(z2 , z2 ) =

µ1
µ2
λ (1 − z2 ) + µ2 λ (1 − z2 ) + µ1

Finally, substituting the `daughters'

G(z2 , z2 )

and

G(z1 , 1)

.

(56)

into Eq. (49) yields

the `root'

G(z1 , z2 ) =







µ21 µ2
[λ(1−z2 )+µ2 ][λ(1−z2 )+µ1 ][λ(1−z1 )+µ1 +µ2 ]
(57)

+
µ1 µ2
[λ(1−z1 )+µ1 ][λ(1−z1 )+µ1 +µ2 ] .

Summarizing, we have found that for

n = 2

the scheme terminates after two

iterations. The result is a tree-like structure whose `leafs' are trivial constants
all equal to unity. Knowing the constants that stand in the base of the tree,
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we are able to calculate the functions that occupy the second lowest level. The
PGF

G(z1 , z2 )

was computed by iterating this procedure, i.e., by using known

functions at the `current knowledge level' of the tree in order to compute the
functions at the next level. A `tree sketch' of the solution steps for the ASIP
model with two gates (n

5.6.3

= 2)

Explicit Solution:

is depicted in Figure 7.

n=3

The iterative scheme described in the previous subsection applies, in theory,
to the ASIP model with an arbitrary number of gates.

In practice however,

the solution's complexity increases rapidly with the number of gates
eectively, for large

n, the PGF of the ASIP model is not tractable.

just how dramatically the solution complexity increases

= 3). In the
G(z1 , z2 , z3 ) is given



n.

Thus,

To illustrate

consider the ASIP

model with three gates (n

Appendix to this chapter, we show that

the expression for

by

G(z1 , z2 , z3 )

=









































































µ31 µ22 µ3 /[λ(1−z2 )+µ1 +µ3 ]
[λ(1−z2 )+µ2 +µ3 ][λ(1−z3 )+µ3 ][λ(1−z1 )+µ][λ(1−z3 )+µ2 ][λ(1−z3 )+µ1 ]

+
µ31 µ22 µ3 /[λ(1−z2 )+µ1 +µ3 ]
[λ(1−z2 )+µ2 +µ3 ][λ(1−z1 )+µ][λ(1−z3 )+µ2 ][λ(1−z3 )+µ1 ][λ(1−z2 )+µ1 +µ2 ]

+
µ21 µ22 µ3 /[λ(1−z2 )+µ1 +µ3 ]
[λ(1−z2 )+µ2 +µ3 ][λ(1−z1 )+µ][λ(1−z2 )+µ1 ][λ(1−z2 )+µ1 +µ2 ]

+
µ21 µ2 µ3
[λ(1−z2 )+µ2 +µ3 ][λ(1−z1 )+µ][λ(1−z2 )+µ2 ][λ(1−z2 )+µ1 ]

+

(58)

µ21 µ22 µ3
[λ(1−z1 )+µ1 +µ3 ][λ(1−z3 )+µ3 ][λ(1−z1 )+µ][λ(1−z3 )+µ2 ][λ(1−z3 )+µ1 ]

+
µ21 µ22 µ3 /[λ(1−z1 )+µ1 +µ3 ]
[λ(1−z1 )+µ][λ(1−z3 )+µ2 ][λ(1−z3 )+µ1 ][λ(1−z1 )+µ1 +µ2 ]

+
µ1 µ22 µ3
[λ(1−z1 )+µ1 +µ3 ][λ(1−z1 )+µ][λ(1−z1 )+µ1 ][λ(1−z1 )+µ1 +µ2 ]

+
µ21 µ2 µ3
[λ(1−z1 )+µ][λ(1−z2 )+µ2 ][λ(1−z2 )+µ1 ][λ(1−z1 )+µ1 +µ2 ]

+
µ1 µ2 µ3
[λ(1−z1 )+µ][λ(1−z1 )+µ1 ][λ(1−z1 )+µ1 +µ2 ] .

Eq. (58) well exemplies the intrinsic complexity of the ASIP model. A `tree
sketch' of the solution steps for the ASIP model with three gates (n

= 3)

is

depicted in Figure 8.
We note that at rst glance it might seem possible to derive the steadystate marginal distributions of the random variables

{X1 (t) , · · · , Xn (t)} iterXk (t)

atively. Namely, to establish a recursion equation relating the PGF of
to the PGF of

Xk−1 (t),

and then solve it.
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However, the random variables

Figure 8: Schematic illustration of the iterative solution of Eq.

3.

Step A: Eq.

(45) for

n =

(45) is iterated repeatedly, in a branching-tree structure, till

reaching the `leafs' G(1,1,1)=1. Step B: The tree is `folded back' yielding the
value of the `root'

G(z1 , z2 , z3 )

{X1 (t) , · · · , Xk (t)}

(Eq. (58)).

are correlated, and when trying to establish the aforemen-

tioned recursion equation several complications arise. An exact solution for the
marginals can be obtained nevertheless and we return to this topic in Chapter
8.

5.7

Load Analysis

In Sections 5.5 and 5.6 we studied the PGF dynamics and steady state solution
of the random vectors

n.

X (t) and Y (s), and demonstrated intractability for large

In this section we study the load of the ASIP model: the total number of

particles in the system

X (t) and Y (s).
5.7.1



given by the sum-of-coordinates of the random vectors

Surprisingly so, the load turns out to be analytically tractable.

Load Analysis of

X (t)

X(k) (t) denote the total number of particles present, at an arbitrary time t
≥ 0), in the rst k sites. The random variable X(k) (t) is the sum of the rst
k coordinates of the random vector X (t), i.e., X(k) (t) = X1 (t) + · · · + Xk (t)
(k = 1, · · · , n).
0
Observe the system at times t and t = t+∆, and use the shorthand notation
0
0
X(k) = X(k) (t) and X(k) = X(k) (t ) (k = 1, · · · , n). Eq. (22) implies that the
0
stochastic connection between the random sums X(k) and X(k)
characterizing
Let

(t
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the Markovian dynamics of the stochastic process

0
X(k)


X(k)





X(k) + 1
=





X(k−1)


X(k) (t) t≥0



w.p.

1 − (λ + µk ) ∆ + o (∆) ,

w.p.

λ∆ + o (∆) ,

w.p.

µk ∆ + o (∆) .

(59)

Eq. (59) follows from considering the events that may take place

0
X(k) 7→ X(k)
6= X(k)

in a change



is given by:

within the time interval



(t, t0 ].

and result
There are

exactly two such events, and we label them according to the Poisson processes
inducing them: (0) the arrival of a particle to the rst site
probability

λ∆ + o(∆)



k th gate  occurring with
0
7→ X(k)
= X(k−1) . The rst

of the

X(k)

occurring with

line on the right-hand-side of Eq.

represents the scenario in which no event takes place

1 − (λ + µk ) ∆ + o(∆).
h
i
GX(k) (t, z) = E z X(k) (t)

complementary probability
Let




0
X(k) 7→ X(k)
= X(k) + 1; (k ) opening
probability µk ∆ + o(∆)
in which case

in which case



(59)

which occurs with the

(60)

(|z|

≤ 1) denote the PGF of the random sum X(k) (t). Setting z1 = · · · =
zk = z and zk+1 = · · · = zn = 1, and noting that by denition GX(k) (t, z) =
GX (t, z, · · · , z, 1, · · · , 1), Eq. (39) yields























∂GX(k)
(t, z) =

∂t





















[λ (z − 1) − µ] GX(k) (t, z)
+
µ1 GX(k) (t, z)
+···+
µk−1 GX(k) (t, z)
+
µk GX(k−1) (t, z)
+
µk+1 GX(k) (t, z)
+···+
µn−1 GX(k) (t, z)
+
µn GX(k) (t, z) .

(61)

Eq. (61), in turn, implies that the `PGF dynamics' of the random sum

X(k) (t)

are given by

∂GX(k)
∂t

(t, z)
(62)

= [λ (z − 1) − µk ] GX(k) (t, z) + µk GX(k−1) (t, z)
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.

5.7.2

Load Analysis of

Y (s)

Let Y(k) (s) denote the total number of particles present, immediately after the
sth Poissonian event (s = 1, 2, ...), in the rst k sites. The random variable
Y(k) (s) is the sum of the rst k coordinates of the random vector Y (s), i.e.,
Y(k) (s) = Y1 (s) + · · · + Yk (s) (k = 1, · · · , n).
0
Observe the system at two consecutive s and s = s+1 Poissonian events, and
0
0
use the shorthand notation Y(k) = Y(k) (s) and Y(k) = Y(k) (s ) (k = 1, · · · , n).
Eq.

(23) implies that the stochastic connection between the random sums




Y0
∞(k)
Y(k) (s) s=1

Y(k)

and

characterizing the `law of motion' of the stochastic process

is given by:

0
Y(k)

Eq.


Y(k)





Y(k) + 1
=





Y(k−1)

w.p.

µ−µk
λ+µ

w.p.

λ
λ+µ

,

w.p.

µk
λ+µ

.

,
(63)

(63) follows from considering the events that result in a change

0
Y(k)
6= Y(k) .

Y(k) 7→

There are exactly two such events, and we label them according to

the Poisson processes inducing them: (0) the arrival of a particle to the rst site



occurring with probability

(k ) opening of the
which case

th

λ/ (λ + µ)





0
Y(k) 7→ Y(k)
= Y(k) + 1;
probability µk / (λ + µ)
in

in which case

k gate
occurring with
0
Y(k) 7→ Y(k)
= Y(k−1) . The rst line

k th gate
(µ − µk ) / (λ + µ).
i

(63) represents the scenario in which a gate other than the
which occurs with the complementary probability
Let



on the right-hand-side of Eq.

h
GY(k) (s, z) = E z Y(k) (s)

opens



(64)

(|z|

≤ 1) denote the PGF of the random sum Y(k) (s). Setting z1 = · · · =
zk = z and zk+1 = · · · = zn = 1, and noting that by denition GY(k) (s, z) =
GY (s, z, · · · , z, 1, · · · , 1), Eq. (43) yields
 λ(z−1)−µ
GY(k) (s, z)

λ+µ




+


µ1



λ+µ GY(k) (s, z)



+···+


µk−1



λ+µ GY(k) (s, z)



 +
µk
GY(k) (s0 , z) − GY(k) (s, z) =
λ+µ GY(k−1) (s, z)



+


µk+1


 λ+µ GY(k) (s, z)



 +···+


µn−1

GY(k) (s, z)
 λ+µ



 +

 µn
λ+µ GY(k) (s, z) .
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(65)

Eq. (65), in turn, implies that the `PGF dynamics' of the random sum

Y(k) (s)

is given by

GY(k) (s0 , z) − GY(k) (s, z)
(66)

=
5.7.3

λ(z−1)−µk
GY(k)
λ+µ

(s, z) +

µk
λ+µ GY(k−1)

(s, z)

.

Steady State

Consider now the ASIP model in steady state.

In steady state the stochas∞
Y(k) (s) s=1 are stationary, and hence their
respective PGFs are time-homogeneous: GX(k) (t, z) ≡ GX(k) (z) (t ≥ 0) and
GY(k) (s, z) ≡ GY(k) (z) (s = 1, 2, · · · ). Substituting the time-homogeneous PGFs
GX(k) (t, z) ≡ GX(k) (z) and GY(k) (s, z) ≡ GY(k) (z), respectively, into Eqs. (62)


X(k) (t) t≥0

tic processes

and

and (66) yields the common equation

Gk (z) =
(k

= 1, · · · , n).

µk
Gk−1 (z)
µk + λ (1 − z)

Namely, both the PGFs

GX(k) (z)

and

(67)

GY(k) (z)

are governed by

Eq. (67).
Note that

X(1) (t) = X1 (t)

Y(1) (s) = Y1 (s) and hence the PGF G1 (z)
G1 (z) and iterating Eq. (67)




E z X(k) (t) = E z Y(k) (s)
and

is given by Eq. (47). Using the `initial condition'
we obtain that

where

=

µ1
µ1 +λ(1−z)

µk
· · · µk +λ(1−z)

=

p1
1−(1−p1 )z

pk
· · · 1−(1−p
,
k )z

(68)



pk = µk / (µk + λ) (k = 1, · · · , n). As the `initial condition' implies
k = 1, Eq. (68) coincides with Eq. (47). Interestingly, for k > 1,

the case

in

Eq.

(68) attains a product-form representation. This product-form implies that both

X(k) (t) and Y(k) (t) are characterized by the following stochastic decomposition :
The random variables X(k) (t) and Y(k) (t) are equal, in law, to the total number
of particles in k independent and single gated ASIP systems with respective
parameters (λ, µ1 ) , · · · , (λ, µk ).
The PGF G (z) = p/ [1 − (1 − p)z] characterizes a Geometric Law on the



1−p
1−p
p and variance p2 . Combining this fact together with the aforementioned stochastic representation, we

non-negative integers

which, in turn, has mean

obtain that the mean and variance of the random variables

X(k) (t)

and

Y(k) (t)

are given, respectively, by





E X(k) (t) = E Y(k) (s)
=λ



1
µ1

+ ··· +
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1
µk



(69)

and





Var X(k) (t) = Var Y(k) (s)
=λ

We emphasize that Eq.

Y(n) (s)



µ1 +λ
µ21

+ ··· +

µk +λ
µ2k



(70)
.

(68) implies that the distribution of

X(n) (t)

and

is independent of the order of the gates. Consequently, permuting the

gates (each gate carrying its own opening rate with it) has no eect on the
distribution of the ASIP load. Thus, from a load-perspective, the ASIP model
is invariant with respect to gate permutations.

5.8

Load Optimization

To design an ecient ASIP system one would like to minimize the system's load,
i.e., to minimize the number of particles `in process' termed Work-In-Process
(WIP in production models [63]). In this section we explore the optimization
of the ASIP's load. In what follows we consider as given the `exogenous' inow
rate

λ,

5.8.1

and optimize the `endogenous' service rates

{µ1 , µ2 , · · · , µn }.

Optimality

We begin with the combinatorial optimization of the ASIP model.
given a collection of

n

gates



each with its own service rate



Namely,

we seek an

ordering of gates that renders a target functional optimal. As explained in the
previous section, the distribution of the ASIP's load is invariant with respect
to gate permutations.

Hence, for any target functional based on the ASIP's

load-distribution optimization is trivial: all gate permutations yield the same
target-functional value.
Let us turn now to examine constrained optimization of the ASIP model. To
that end we consider four optimization problems in which we seek to minimize
a target functional based on the ASIP's load-distribution, subject to a given
constraint:
1.

Minimization of the load-mean subject to a given cumulative
service rate. Assume that the cumulative service rate µ is xed and
constant.
rate

µ

Here we seek an optimal allocation of the cumulative service

to the dierent gates



the goal being a minimal load-mean. Re-

calling Eq. (35) which asserts that the load-mean is given by the product

λE [T ],

we note that the minimization of the load-mean is equivalent to

the minimizing of the traversal time.

Applying Eq.

(69) we obtain the

constrained optimization problem





n 
min λ µ11 + · · · +

1
µn

(71)

s.t.




o

µ1 + · · · + µn = µ
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2.

Minimization of the load-variance subject to a given cumulative
service rate. Assume that the cumulative service rate µ is xed and
constant.
rate

µ

Here we seek an optimal allocation of the cumulative service

to the dierent gates



the goal being a minimal load-variance.

Applying Eq. (70) we obtain the constrained optimization problem





n 
+ ··· +
min λ µ1µ+λ
2
1

µn +λ
µ2n

o
(72)

s.t.



3.

µ1 + · · · + µn = µ

.

Minimization of the load-variance subject to a given load-mean.
Assume the load-mean is predetermined to equal the value

v (alternatively,
v/λ).

assume that the traversal time is predetermined to equal the value

Here we seek the optimal service rates that render the load-variance minimal. Applying Eqs. (69) and (70) we obtain the constrained optimization
problem






n 
min λ µ1µ+λ
+ ··· +
2
1

µn +λ
µ2n

o

s.t.

(73)





λ



1
µ1

+ ··· +

1
µn



=v

.

This optimization problem is analogous to the `Markowitz optimization'
of nancial portfolios



in which one seeks to minimize the portfolio

variance, subject to a predetermined portfolio mean [64].
4.

Maximization of the zero-load probability subject to a given cumulative service rate. Assume that the cumulative service rate is xed
and constant. Here we seek an optimal allocation of the cumulative service
rate to the dierent gates  the goal being a maximal zero-load probability

Pr(X(n) (t) = 0).

This zero-load probability is attained by setting

into the PGF of the load

X(n) (t).

Setting

z=0

z=0

into the right-hand-side

of Eq. (68) we obtain the constrained optimization problem





max

n

µ1
µ1 +λ

n
· · · µnµ+λ

o
(74)

s.t.




µ1 + · · · + µn = µ

.

Note that the constrained optimization problem Eq. (74) is equivalent to
the constrained optimization problem





n 
min ln 1 +

λ
µ1




+ · · · + ln 1 +

λ
µn

o
(75)

s.t.




µ1 + · · · + µn = µ

.

The four aforementioned optimization problems admit the general form





min {f (x1 ) + · · · + f (xn )}
s.t.

(76)

x1 + · · · + xn = c ,
45

f (x) is a convex function and the variables are positive valued: x1 , · · · , xn >
xk = µk , c = µ, and f (x) = λ/x; (2) in
2
the second problem xk = µk , c = µ, and f (x) = (λ/x) + (λ/x) ; (3) in the
2
third problem xk = 1/µk , c = v/λ, and f (x) = (λx) + (λx) ; (4) in the fourth
problem xk = µk , c = µ, and f (x) = ln (1 + λ/x). The Lagrange function

where

0.

Indeed: (1) in the rst problem

corresponding to the optimization problem of Eq. (76) is given by

L (x1 , · · · , xn ; θ) =

n
X

!
+θ c−

f (xk )

k=1

n
X

!
xk

.

(77)

k=1

Dierentiating the Lagrange function with respect to the variable

xk

and equat-

ing the partial derivative to zero yields the equation

Now, since the function

f (x)

f 0 (xk ) = θ

.

is convex (f

00

(78)

(x) > 0)

its derivative

0

f (x)

monotone increasing. This implies that Eq. (78) admits a unique solution

is



which, in turn, implies that the unique critical point of the Lagrange function

Pn
x1 P
= · · · = xn . Since the target function k=1 f (xk ) is convex, and the
n
constraint
k=1 xk = c is linear, we conclude that [65]: the global minimum of
the optimization problem (76) is given by x1 = · · · = xn = c/n.

satises

Thus, the solution to all four aforementioned optimization problems turns
out to be an homogenous ASIP system

µn .



with service rates

µ1 = µ2 = · · · =

This optimization conclusion highlights the importance of homogenous

ASIP systems within the class of general ASIP systems.

The optimality of

the homogenous solution is illustrated graphically in Figure 9. Panels A-C are
associated with the optimization problems presented in Eqs. (71), (72) and (74)
respectively.

In all three panels, results are shown for ASIP systems with 25

gates (n

= 25) and an inow rate of λ = 1. The constraint parameters, µ in Eqs.
(71) and (72) and v in Eq. (74) are taken to equal 25 (µ = v = 25). The optimal
solution under these conditions is identical for all three problems and is given
by

µ1 = µ2 = · · · = µ25 = 1. The value
(µ1 , · · ·, µ25 ),

randomly drawn rate vectors

of the target function, evaluated at
is plotted vs. the Euclidean distance

of these vectors from the optimal rate vector
the latter is clearly visible.

(1, 1, · · ·, 1).

The optimality of

In each panel, rate vectors are randomly drawn

25,000 times in the two following methods: `Gaussian Sampling' and `Uniform
Sampling'. In the Gaussian Sampling, Gaussian noise is added to the optimal
rate vector. This vector is then normalized to form a rate vector that complies
with the problem constraints. In the Uniform Sampling, the interval

[0, 25]

is

dissected into 25 segments by randomly drawing 24 numbers from a uniform
distribution over that interval. The lengths of these segments are then taken
to represent the rate vector (in the case of panels A and B) or the inverse rate
vector

5.8.2

( µ11 , · · ·, µ125 )

in the case of panel C.

Deviations from Optimality and Bottlenecks

Having concluded that homogenous ASIP systems are optimal we turn to discuss
deviations from optimality. Of particular interest is the sensitivity of the target

46

Figure 9: Optimality of homogeneous ASIP systems.
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function to small changes in the optimal service rates vector. To this end we nd
it useful to borrow the bottleneck concept from the ASEP nomenclature [66].
Bottlenecks are sites where the hopping rate of particles is reduced compared
to the rest of the system.

In the ASEP the main eect of bottlenecks is to

decrease the current (or ow) throw the system [67]. In the ASIP the steady
state ow of particles is always given by
service rates

{µ1 , µ2 , · · · , µn }.

λ

and is hence independent of the

Interestingly, bottlenecks are nevertheless useful

in understanding deviations from optimality since both the load-mean and loadvariance of an ASIP system are sensitive to their existence.
When it comes to the sensitivity of the target function to perturbations
around the optimal solution, the third panel of Figure 9 shows a strikingly
dierent behavior compared to the rst two. While in the rst two panels small
deviations from the optimal rates vector may change the target function by
orders of magnitude, this is hardly the case in the third panel.
This phenomenon can easily be understood by noting that in the rst two
optimization problems discussed above, the given cumulative service rate constraint does not impose a lower bound on the service rates in the system. This
constraint can therefore be satised even in the presence of a site whose service
rate is innitesimally small. A single bottleneck (or defect) within an otherwise
(almost) homogenous ASIP system will result in nothing but a slight deviation
from the optimal solution. However, since the load-mean and load-variance are
highly sensitive to the existence of bottlenecks, the impact on the target function
will be tremendous.
Situation is considerably dierent when the given cumulative service rate
constraint is replaced by a given load-mean constraint as is done in the third
optimization problem above. The latter imposes a lower bound on the service
rates in the system. Moreover, in order to satisfy the constraint, the existence
of a bottleneck forces the allocation of extremely high service rates to many
other sites. And so, the impact of bottlenecks on the target function is both
limited and, when substantial, accompanied by a discernible deviation from the
optimal solution.

5.9

Conclusions

In this chapter we analyzed the basic features of the ASIP and obtained the
following results: (i) explicit evolution equations for the mean and PGF; (ii)
explicit solution of the mean in steady-state; (iii) explicit equations for the PGF
in steady-state; (iv) explicit solution of the steady-state PGF for small systems
(n

= 1, 2, 3),

and an iterative scheme for the computation of the steady-state

PGF for systems of arbitrary size; (v) explicit solution of the mean, variance,
and PGF of the load in steady-state; (vi) explicit solutions of various loadoptimization problems



rendering homogenous ASIP models optimal. In the

following chapter, we will examine the behavior of the ASIP under various
limiting regimes.
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5.10

Appendix

Here we solve Eq. (45) for the ASIP with three gates

n = 3.

In this case Eq.

(45) reduces to


µ1 G(z2 , z2 , z3 )




 +
µ2 G(z1 , z3 , z3 )
[λ (1 − z1 ) + µ] G(z1 , z2 , z3 ) =


+



µ3 G(z1 , z2 , 1) .

(79)

Now, following the scheme's basic step, we iteratively apply Eq.
`daughters'

G(z2 , z2 , z3 ), G(z1 , z3 , z3 ),

and

(79) to the

G(z1 , z2 , 1).

From the embedding property (see end of Section 5.5), the `daughter'

G(z1 , z2 ) and is hence known and given by Eq. (57).
G(z1 , z3 , z3 ) the basic step yields

µ1 G(z3 , z3 , z3 )




 +
µ2 G(z1 , z3 , z3 )
[λ (1 − z1 ) + µ] G(z1 , z3 , z3 ) =


+



µ3 G(z1 , z3 , 1)

is equal to
ter'

G(z1 , z2 , 1)

For the `daugh-

(80)

from which we obtain


 µ1 G(z3 , z3 , z3 )
+
[λ (1 − z1 ) + µ1 + µ3 ] G(z1 , z3 , z3 ) =

µ3 G(z1 , z3 , 1) .
Again, the `daughter'
`daughter'

G(z3 , z3 , z3 )

G(z1 , z3 , 1)

is known and given by Eq.

(57).

(81)

For the

the basic step yields


µ1 G(z3 , z3 , z3 )




 +
µ2 G(z3 , z3 , z3 )
[λ (1 − z3 ) + µ] G(z3 , z3 , z3 ) =


+



µ3 G(z3 , z3 , 1)

(82)

from which we obtain

[λ (1 − z3 ) + µ3 ] G(z3 , z3 , z3 ) = µ3 G(z3 , z3 , 1) .

(83)

We conclude that

G(z1 , z3 , z3 ) =







µ1 µ3 G(z3 ,z3 ,1)
(λ(1−z1 )+µ1 +µ3 )(λ(1−z3 )+µ3 )

+

(84)

µ3 G(z1 ,z3 ,1)
λ(1−z1 )+µ1 +µ3
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.

G(z2 , z2 , z3 ), applying the basic


 µ1 G(z2 , z2 , z3 )


 +
µ2 G(z2 , z3 , z3 )
[λ (1 − z2 ) + µ] G(z2 , z2 , z3 ) =


+



µ3 G(z2 , z2 , 1)

We now return to the `daughter'

step yields

(85)

from which we obtain


 µ2 G(z2 , z3 , z3 )
+
[λ (1 − z2 ) + µ2 + µ3 ] G(z2 , z2 , z3 ) =

µ3 G(z2 , z2 , 1) .
Here both the `daughter'

G(z2 , z2 , 1)

and the `daughter'

G(z2 , z3 , z3 )

(86)

are known

and given by Eq. (56) and Eq. (84), respectively. We conclude that

G(z2 , z2 , z3 )

=


µ1 µ2 µ3 G(z3 ,z3 ,1)

(λ(1−z2 )+µ1 +µ3 )(λ(1−z2 )+µ2 +µ3 )(λ(1−z3 )+µ3 )




 +



+


 µ3 G(z2 ,z2 ,1)

λ(1−z2 )+µ2 +µ3

Substituting the expressions for
obtain

(87)

µ2 µ3 G(z2 ,z3 ,1)
(λ(1−z2 )+µ1 +µ3 )(λ(1−z2 )+µ2 +µ3 )

.

G(z2 , z2 , z3 )

and

G(z1 , z3 , z3 )

into Eq. (87) we

[λ (1 − z1 ) + µ] G(z1 , z2 , z3 )

µ21 µ2 µ3 G(z3 ,z3 ,1)


(λ(1−z2 )+µ1 +µ3 )(λ(1−z2 )+µ2 +µ3 )(λ(1−z3 )+µ3 )




+



µ1 µ2 µ3 G(z2 ,z3 ,1)



(λ(1−z2 )+µ1 +µ3 )(λ(1−z2 )+µ2 +µ3 )



+



µ1 µ3 G(z2 ,z2 ,1)

 λ(1−z
2 )+µ2 +µ3
=
+


µ1 µ2 µ3 G(z3 ,z3 ,1)


 (λ(1−z1 )+µ1 +µ3 )(λ(1−z3 )+µ3 )



+



µ2 µ3 G(z1 ,z3 ,1)

 λ(1−z

1 )+µ1 +µ3


 +



µ3 G(z1 , z2 , 1)

Substituting the expressions for
and

G(z1 , z2 , 1)

into Eq.

(88)

G(z3 , z3 , 1), G(z2 , z3 , 1), G(z2 , z2 , 1), G(z1 , z3 , 1)
G(z1 , z2 , z3 )

(88) we obtain the nal expression for

given in Eq. (58).
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6

Limit Laws

The analysis conducted in Chapter 5 concluded that the ASIP, despite its simple
description, displays highly complex stochastic dynamics. An iterative scheme
for the computation of the multidimensional probability generating function
(PGF) of the ASIP's site occupancies at steady state was established. Yet, this
PGF turns out to be analytically intractable even for small

n

 a fact that is

vivid from the very rapid growth in complexity of the explicit PGF expressions
for

n = 1, 2, 3.

large lattice size

Understanding the behavior of large ASIPs (i.e., ASIPs with

n)

is therefore a challenge.

In this chapter we bypass the need for direct computation of occupancy
PGFs and explore the stochastic limit laws of ve key ASIP observables: (i)
Traversal Time  the time it takes a particle to traverse the lattice; (ii) Overall
Load  the total number of particles present in the lattice in steady state; (iii)
Busy Period  the time elapsing from the instant a particle arrives at an empty
lattice, till the rst instant the lattice is empty once again; (iv) First Occupied
Site  the index of the rst non-empty site; (v) Draining Time  the time
elapsing from the instant the arrival ow is blocked, in steady state, till the rst
instant the lattice is empty.
The stochastic limit laws of the above-mentioned observables are established
in three dierent limiting regimes:
particles' arrival rate

λ

(i) Heavy-Trac regime  in which the

tends to innity; (ii) Large-System regime  in which

n tends to innity; (iii) Balanced-System regime  in which the
n tends to innity, the gates' opening rates µk (k = 1, · · · , n) tend to

the lattice size
lattice size

innity, and these limits are kept in balance. Our results hold for homogeneous
and general (inhomogeneous) ASIPs alike.
The reminder of the chapter is organized as follows. We begin with a preliminary analysis of the ASIP's key observables (Section 6.1), analyze the asymptotic
statistical behavior of homogeneous ASIPs (Section 6.2), compare our analytical
results to simulations (Section 6.3), and then analyze the asymptotic statistical
behavior of general ASIPs (Section 6.4).

6.1

Key Observables

In this section we analyze ve key observables of the ASIP: Traversal Time,
Overall Load, Busy Period, First Occupied Site, and Draining Time.

6.1.1

Traversal Time

The ASIP's traversal time

T,

rst mentioned in Chapter 5, is the random time

T is the time elapsing from the
= 1), till the instant it leaves the last

it takes a particle to traverse the lattice. Namely,
instant a particle arrives at the rst site (k
site (k

= n).

Let us briey recapitulate some basic facts regarding this random

variable. Due to the memory-less property of the exponential distribution [59],
the time elapsing from the arrival of a particle to site
epoch), till the rst opening of gate

k

k

(at an arbitrary time

thereafter, is exponentially distributed
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Figure 10: An illustration of the traversal time.

with mean

1/µk

 independently of the particle's arrival epoch to site

k.

A

particle arriving to the lattice would thus wait an exponentially-distributed
random time (with mean

1/µ1 )

till moving from the rst site to the second

site, then wait an exponentially-distributed random time (with mean
moving from the second site to the third site, and so forth.

1/µ2 )

till

Since the gate-

openings are governed by independent Poisson processes we conclude that the
traversal time

T

admits the stochastic representation

T =

n
X

4k

,

(89)

k=1
where

{41 , · · · , 4n } is a sequence of independent and exponentially-distributed
{1/µ1 , · · · , 1/µn }.

random times with corresponding means
Consequently, Eq.

(89) straightforwardly implies that the mean and the

Laplace transform of the traversal time

E [T ] =

T

are given, respectively, by

n
X
1
µk

(90)

k=1
and

E [exp (−θT )] =

n
Y
k=1

(θ

≥ 0).

6.1.2

µk
µk + θ

(91)

The traversal time is illustrated schematically in Figure 10.

Overall Load

Consider the ASIP in steady state, and let
present in site

k (k = 1, · · · , n).

Xk

denote the number of particles

The ASIP's overall load

L,

rst mentioned in

Chapter 4, is the total number of particles present in the lattice in steady state:

L=

n
X
k=1
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Xk

.

(92)

Let us briey recapitulate some basic facts regarding this random variable. The
analysis presented in Section 5.7 showed that the mean overall load is given by

E [L] =

n
X
λ
µk

(93)

k=1

E [L] = λE [T ]. Namely,
E [L] equals the product of the inow rate λ and the mean

Eq. (93), in conjunction with Eq. (90), implies that
the mean overall load
traversal time

E [T ]

 the mean sojourn time of an arbitrary particle in the

lattice. Equation (93) is the ASIP's version of the well known Little's law in
Queueing Theory [9].
The analysis presented in Section 5.7 further established that the probability

L

generating function of the overall load

 
E zL =

n
Y
k=1

(|z|

≤ 1).
n=1

µk
µk + λ (1 − z)

(94)

Eq. (94) has several important implications. First, it implies that

the overall load
For

is given by

L of a single-site

ASIP (n

= 1) follows a geometric

distribution :

the probability generating function of Eq. (94) yields the probability

distribution

Pr (L = j) = (1 − p1 )j p1 (j = 0, 1, 2 · · · ),

where

p1 = µ1 / (µ1 + λ).
L

Second, the product-form structure of Eq. (94) implies that the overall load
admits the stochastic representation

L=

n
X

Gk

,

(95)

k=1

{G1 , · · · , Gn } is a sequence of independent geometrically-distributed ranPr (Gk = j) = (1−pk )j pk (j = 0, 1, 2 · · · ), where pk = µk / (µk + λ).
The overall load L is hence equal, in law, to the sum of the overall loads of n
independent single-site ASIPs with respective parameters (λ, µ1 ) , · · · , (λ, µn ).

where

dom variables:

Third, Eq. (94) implies the following distributional form of the aforementioned

ASIP Little's law :

L = Π0 (T ),

the equality being in law. Namely, the number

of particles arriving to the lattice,
law, to the ASIP's overall load

L.

Π0 (T ),

during a traversal time

T

is equal, in

The proof of the distributional Little's law is

given in the Appendix to this chapter. Fourth, setting

z = 0 in Eq.

(94) implies

that the probability that the lattice is empty is given by

Pr (L = 0) =

n
Y
k=1

µk
µk + λ

.

(96)

The overall load is illustrated schematically in Figure 11.

6.1.3

Busy Period

The ASIP's busy period

B

is the random duration of time in which the lattice

is continuously non-empty. Namely,

B

is the time elapsing from the instant a
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Figure 11: An illustration of the overall load.

particle arrives at an empty lattice, till the rst instant thereafter the lattice
is empty once again. The busy period is a key variable in queueing theory, as
every queueing system continuously alternates between random busy and idle
periods [68, 69, 70].
Consider the two following scenarios: (i) a particle arrives at an empty lattice
and traverses it before a second particle arrives; (ii) a particle arrives at an empty
lattice and a second particle arrives before the rst particle traversed the lattice.
Let

T

denote the traversal time of the rst particle, and let

40

denote the time

elapsing between the arrival epochs of the two particles. Clearly, the random
variables

T

and

40

are independent.

{T < 40 }, and in this scenario the busy period
B = T . The second scenario is the event {40 ≤ T },
busy period equals the inter-arrival time 40 plus an

The rst scenario is the event
equals the traversal time:
and in this scenario the

additional and independent random time whose distribution is equal in law to

B = 40 + B 0 , where B 0 is an IID copy of B which is
40 . Thus, we obtain that the busy period B satises the

that of a busy period:
independent of

T

and

following stochastic regeneration formula

B=


 T


if

T < 40

,

if

40 ≤ T

.

(97)

40 + B 0

Consequently, Eq. (97) implies that the mean and the Laplace transform of the
busy period

B

are given, respectively, by

1
E [B] =
λ

!

n 
Y
λ
1+
−1
µk

k=1
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(98)

Figure 12: An illustration of the renewal argument (in the context of the mean
busy period).

and

E [exp (−θB)] =
(θ

λ+θ
Qn h
λ + θ k=1 1 +

λ+θ
µk

(99)

i

≥ 0).
The derivations of Eqs.

(98) and (99) are given in the Appendix to this

chapter. Eq. (98) can also be obtained via a renewal argument which we now
describe.
Note that the lattice alternates between empty and non-empty periods. The

40 , the nonB , and these alternating

empty periods are IID copies of the generic inter-arrival period
empty periods are IID copies of the generic busy period

periods are mutually independent. Renewal theory implies that  over innitely
large time windows  the fraction of time the lattice is empty is given by the
ratio [71]:

E [40 ] / (E [40 ] + E [B]).

On the other hand, the fraction of time

the lattice is empty equals the probability, in steady state, of a zero overall load:

Pr (L = 0). Thus, we obtain that Pr (L = 0) = E [40 ] / (E [40 ] + E [B]). Now,
since E [40 ] = 1/λ, and since Pr (L = 0) is given by Eq. (96), we can extract
the mean busy period E [B]. Doing so indeed yields Eq. (98). The renewal
argument is illustrated schematically in Figure 12.

6.1.4

The First Occupied Site

Consider the ASIP in steady state, and let
site:

I = min{k |Xk > 0}.

I

denote the index of the rst occupied

If all the sites are empty then we set

I = ∞

by

convention. Clearly

Pr(I = k) = Pr(X1 = 0, · · · , Xk−1 = 0, Xk > 0)
(100)

= Pr(X1 = 0, · · · , Xk−1 = 0) − Pr(X1 = 0, · · · , Xk = 0)
(1

≤ k ≤ n),

and

Pr (I = ∞) = Pr (X1 = 0, · · · , Xn = 0)
Since the event

.

(101)

{X1 = 0, · · · , Xn = 0} is equivalent to the event{L = 0}, the

probability appearing on the right-hand-side of Eq. (101) is given by Eq. (96).
In order to compute the probabilities appearing on the right hand side of Eq.
(100) we remind the reader of the embedding property that was derived in the
end of Section 5.5.
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Consider two ASIPs: ASIP A with
and ASIP B with

n

n0

gates and parameters

gates and parameters

{λ, µ1 , · · · , µn },

{λ, µ1 , · · · , µn0 },
n0 ≤ n. The

where

embedding property asserts that the steady state distribution of ASIP A coincides with the steady state distribution of the rst

n0

sites of ASIP B. An intu-

itive understanding of the embedding phenomenon follows from the fact that in

n0 gates is independent
of whatever happens in the following gates {n + 1, · · · , n}. In other words, an
0
observation of the rst n gates in an ASIP with n gates is indistinguishable
0
from an observation of an ASIP with n gates (and the same parameters).
Due to the embedding phenomenon Eq. (96) implies that Pr(X1 = 0, · · · , Xn0 =
Qn0
0
k
(1 ≤ n ≤ n). Substituting these probabilities into Eqs. (100)
0) = k=1 µkµ+λ
and (101) we obtain that the distribution of the rst occupied site I is given by
n

an ASIP model with

gates the operation of the rst

0




Pr(I = k) =




λ
µk +λ

j=1

µj
µj +λ

(1 ≤ k ≤ n) ,
(102)


n

Q


 Pr(I = ∞) =

j=1

6.1.5

k−1
Q

µj
µj +λ

.

Draining Time

Consider the ASIP in steady state, and assume that  starting at an arbitrary
time epoch  we block the inow of newcoming particles to the lattice. The
ASIP's draining time
Namely,

D

D

is the duration of time it takes the lattice to clear.

is the random time elapsing from the blocking epoch till the rst

instant the lattice is empty.
Consider the index I of the rst occupied site at the blocking epoch. If I = k
= 1, · · · , n) then the draining time equals the traversal time of the gates
{k, k + 1, · · · , n}. Consequently 
to the derivation of Eq. (89) 
Panalogous
n
we obtain that if I = k then D =
4
,
where
{4k , · · · , 4n } is a sequence
j
j=k
(k

of independent and exponentially-distributed random times with corresponding
means

{1/µk , · · · , 1/µn }. On the other hand, if I = ∞ then the lattice is empty
D = 0. Thus, we obtain that the draining time admits the stochastic

and hence

representation

D=

 Pn

j=k 4j


if

I=k

if

I = ∞,

(1 ≤ k ≤ n) ,
(103)

0

where the exponentially-distributed random variables
pendent of the rst occupied site

{41 , · · · , 4n }

are inde-

I.

Since we blocked the inow to an ASIP in steady state the distribution of the
rst occupied site

I

is given by Eq. (102). Consequently, combining together

Eqs. (102) and (103) we obtain that the mean and the Laplace transform of the
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Figure 13: An illustration of the draining time.

draining time

D

are given, respectively, by

E [D] =

n
X
k=1




k−1
n
λ  Y µj  X 1 
µk + λ j=1 µj + λ
µj

and

E [exp (−θD)] =

n
Q
j=1

+

n
P
k=1

(θ

≥ 0).

λ
µk +λ

(104)

j=k

k−1
Q
j=1

µj
µj +λ

!
µj
µj +λ

n
Q
j=k

(105)

!
µj
µj +θ

The derivations of Eqs. (104) and (105) are given in the Appendix to

this chapter. The draining time is illustrated schematically in Figure 13.

6.2

Asymptotic Analysis: The Homogeneous Case

In this section we consider homogeneous ASIPs, and set

1/m.

Namely,

m

µ1 = · · · = µn =

is the mean sojourn time of an arbitrary particle in a single

site. In what follows we shall establish stochastic limit laws for the ASIP's key
observables presented in the previous section: Traversal Time, Overall Load,
Busy Period, First Occupied Site, and Draining Time.

The stochastic limit

laws shall be established for the three following limiting regimes:

•

The Heavy-Trac regime  in which the inow rate tends to innity:

λ → ∞.
•

The Large-System regime  in which the lattice size tends to innity:

n → ∞.
•

The Balanced-System regime  in which the lattice size tends to innity,
the particles' mean sojourn time at a site tends to zero, and the product
of these parameters tends to a positive limit:

nm → τ ∈ (0, ∞).
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n → ∞, m → 0 ,

and

Throughout this section we denote by

Z

a Gauss-distributed random variable

with zero mean and unit variance (Standard Normal), by

E

an exponentially

distributed random variable with unit mean (Standard Exponential), and by

Γn
Γn

an Erlang distributed random variable with
is the sum of

n

n

degrees of freedom. Namely,

IID copies of the random variable

E.

In what follows the

sign  ≈ will denote asymptotic equivalence in law.

6.2.1

Heavy Trac

The heavy-trac regime considers ASIPs in which the inow rate is increased
to innity:

λ → ∞.

The ASIP stochastic limit laws  under the heavy-trac

regime  are as follows:

Traversal Time. As is clear from Eq. (91), the inow rate does not aect
the traversal time
time

T

T.

On the other hand, in the homogeneous ASIP the traversal

is the sum of

n

IID exponential random variables each with mean

Hence, the traversal time

T

m.

admits the stochastic representation

T = mΓn

(106)

E is exponentially distributed with unit mean if
mE is exponentially distributed with mean m).
Overall Load . Increasing the inow rate λ is expected to result in an
increase of the overall load L. And indeed, Eq. (93) implies that the mean of
the overall load L scales linearly with λ. Consequently, we normalize the overall
load L by the dimensionless term λm and analyze the stochastic limit of the
normalized overall load L/ (λm) (as λ → ∞). Setting z = exp(−θ/ (λm)) in
(recall that a random variable

and only if the random variable

Eq. (94) we obtain the limit

 
n

1
L
=
lim E exp −θ
λ→∞
λm
1+θ


(θ

≥ 0).

Since the right-hand-side of Eq. (107) is the Laplace transform of the

Erlang distribution with
overall load

L

n

degrees of freedom, we obtain that, as

λ → ∞,

the

admits the stochastic approximation

L ≈ λ · mΓn
(λ

(107)

(108)

→ ∞).
Busy Period .

rate

B.

λ

As in the case of the overall load, increasing the inow

is expected to result in an increase of the duration of the busy period

(98) implies that the mean of the busy period B scales
λn−1 . Consequently, we normalize the busy period B by the dimensionless
n−1
term (mλ)
and analyze the stochastic limit of the normalized busy period
n−1
B/ (mλ)
(as λ → ∞). Using Eq. (99) we obtain the limit
"
!#
B
1
lim E exp −θ
=
(109)
n−1
λ→∞
1 + mθ
(mλ)
And indeed, Eq.

like
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(θ

≥ 0).

Since the right-hand-side of Eq. (109) is the Laplace transform of the

exponential distribution with mean

m, we obtain that the

busy period

B

admits

the stochastic approximation

B ≈ λn−1 · mn E
(λ

(110)

→ ∞).
First Occupied Site . Increasing the inow rate

λ

is expected to increase

to one the probability of nding the rst site occupied. And indeed, Eq. (102)
yields the limit

lim Pr (I = 1) = 1

λ→∞

.

(111)

Draining Time . Equation (111) implies that for large
site is eectively the rst site. Consequently, for large
should coincide with the traversal time

T.

λ

λ

the rst occupied

D
λ→∞

the draining time

And indeed, taking the limit

in Eq. (105) conrms this conjecture and yields the stochastic approximation

D ≈ mΓn
(λ

(112)

→ ∞).

6.2.2

Large Systems

The large-system regime considers ASIPs in which the lattice size increases to
innity:

n → ∞.

The ASIP stochastic limit laws  under the large-system

regime  are as follows:

Traversal Time. In the homogeneous ASIP the traversal time
of

n

Consequently,

T

is a sum

m2 .
the Central Limit Theorem [59] implies that the traversal time T

IID exponential random variables  each with mean

m

and variance

admits the Gaussian stochastic approximation

T ≈n·m+
(n

√

n · mZ

(113)

→ ∞).
Overall Load . Equation (94) asserts that in the homogeneous ASIP the

overall load

λm

L

implies that the

(n

n IID geometric random variables  each with mean
2
λm + (λm) . Consequently, the Central Limit Theorem [59]
overall load L admits the Gaussian stochastic approximation
q
√
2
L ≈ n · λm + n · λm + (λm) Z
(114)

is a sum of

and variance

→ ∞).
Busy Period .

Increasing the lattice size

n

is expected to result in an

n the mean
(1 + λm)n . Consequently, we normalize the busy
n
term (1 + λm) and analyze the stochastic limit

increase of the busy period. Indeed, Eq. (98) implies that for large
of the busy period scales like
period by the dimensionless
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of the normalized busy period

B/(1 + λm)n

(as

n → ∞).

Using Eq. (99) we

obtain the limit



lim E exp −θ

n→∞

≥ 0).

(θ

B
(1 + λm)n

Since the right-hand-side of Eq.

the exponential distribution with mean


=

λ
λ+θ

(115)

(115) is the Laplace transform of

1/λ,

we obtain that the busy period

B

admits the stochastic approximation

B ≈ (1 + λm)n ·
(n

1
E
λ

(116)

→ ∞).
First Occupied Site . Taking the limit

n → ∞

in Eq.

(102) yields the

geometric distribution

k−1

lim Pr (I = k) = q (1 − q)

(117)

n→∞

= 1, 2, 3, · · · ),

(k

where

q = λm/ (1 + λm).

Draining Time . Equation (117) implies that  in the limit
the First Occupied Site is geometrically distributed with mean

I−1
P

n→∞
1/q and that



4k is a nite constant that does not depend on n. Consequently 
k=1
since the number of sites tends to innity (n → ∞)  the draining time D
E

eectively equals the traversal time

T.

Combining this observation together

with Eq. (113) implies that the draining time
approximation

D ≈n·m+
→ ∞).

(n

√

D

admits the Gaussian stochastic

n · mZ

(118)

A rigorous proof of this result is given in the Appendix to this

chapter.

6.2.3

Balanced Systems

The balanced-system regime considers ASIPs in which the number of sites increases to innity (n
(m

→ 0)

→ ∞) and the mean sojourn time at a site decrease to zero
nm → τ ∈ (0, ∞).

 while their product tends to a positive limit:

Namely, in this regime the large number of sites is balanced by rapid gateopening rates. With no loss of generality we henceforth set
sider the limit

n → ∞.

m = τ /n

and con-

The ASIP stochastic limit laws  under the balanced-

system regime  are as follows:

Traversal Time. Setting

m = τ /n

into Eq. (91) we obtain the limit

lim E [exp (−θT )] = exp (−θτ )

(119)

n→∞
(θ

≥ 0).

The right-hand-side of Eq. (119) is the Laplace transform of a degen-

erate random variable which admits the value

τ

with probability one. Thus, the

traversal time converges in law to the deterministic value
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τ.

Overall Load . Setting

m = τ /n into Eq. (94) we obtain
 
lim E z L = exp (−τ λ (1 − z))

the limit
(120)

n→∞
(|z|

≤ 1).

The right-hand-side of Eq. (120) is the probability generating function

τ λ.

of the Poisson distribution with mean

Thus, the overall load converges in

law to a Poisson random variable with mean

Busy Period . Setting

m = τ /n

lim E [exp (−θB)] =

n→∞
(θ

≥ 0).

τ λ.

into Eq. (99) we obtain the limit

λ+θ
λ + θ exp (τ (λ + θ))

The right-hand-side of Eq. (121) can be derived from the stochastic

T =τ

regeneration formula of Eq. (97) by setting

n → ∞)

We note that (in the limit
probability

exp (−λτ ),

 see Appendix for details.

the busy period

and is larger than

τ

otherwise.

B

n → ∞)

m = τ /n

Also, Eq. (121) implies that (in

the mean of the busy period is given by

First Occupied Site .
Setting

exp (−λτ ).

τ with
B = τ if and
τ  an event

is equal to

Indeed,

only if there are no particle arrivals during the traversal time
which takes place with probability
the limit

(121)

(exp (λτ ) − 1) /λ.
Iˆ = I/n.

Consider the scaled rst occupied site

into Eq. (102) we obtain the limits





 limn→∞ Pr Iˆ ≤ x = 1 − exp (−τ λx)


(0 ≤ x ≤ 1);

{Iˆ = ∞}

recall that the event

scenario in which all sites are empty.
rst occupied site

Iˆ

represents the (steady-state)

Equation (122) implies that the scaled

converges, in law, to a limit which has the density of an

exponential random variable, with mean
with probability

(122)

limn→∞ Pr(Iˆ = ∞) = exp (−λτ )

exp (−λτ )

λτ ,

on the unit interval and an atom

at innity. The derivation of Eq. (122) is given in

the Appendix to this chapter. Hence the scaled rst occupied site

Iˆ admits

the

asymptotic stochastic approximation

Iˆ ≈


 E/ (λτ )


(n

(123)

∞

if E > λτ

→ ∞).
Draining Time . Setting

m = τ /n

lim E [exp (−θD)] =

n→∞
(θ

if E ≤ λτ

≥ 0).

into Eq. (105) we obtain the limit

θ exp (−λτ ) − λ exp (−θτ )
θ−λ

(124)

The derivation of Eq. (124) is given in the Appendix to this chapter.

Equation (124) implies that an asymptotic stochastic approximation for the
draining time is given by an amalgamation of a probability density function

fD (x) =


 exp (−λ (τ − x))


0

0<x≤τ
(125)

otherwise
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Figure 14: An illustration of the homogeneous ASIP in the balanced-system
limiting regime.

and a probability mass,

exp (−λτ ),

at zero. The validity of this approximation

is easily veried by taking Laplace transform and recovering the right-hand-side
of Eq. (124).
Mapping the ASIP's lattice to the unit interval  positioning site
point

x = k/n

k

at the

 the balanced-system limiting regime is illustrated schemati-

cally in Figure 14.

6.2.4

The M/D/∞ Queue

The balanced-system limiting regime may be better understood in light of the
mapping between homogeneous ASIPs in this regime and the

M/D/∞

queue

[72], which we describe herein.
In queueing theory, the

M/D/∞

queue represents a system consisting of an

innite number of servers (or innite broadband), to which particles (jobs in
the queueing jargon) arrive following a Poisson process with rate

λ.

Each par-

ticle, upon its arrival, is immediately attended by one of the available servers;
upon service completion a served particle leaves the system. Service times are
deterministic and of common length

τ,

and the particles are served indepen-

dently. Note that the common deterministic service times assure that particles
will leave the system exactly

τ

units of time after their respective arrival epochs,

and will do so in a First In First Out (FIFO) manner.
From the particles' perspective the ASIP  in the balanced-system limiting
regime  is identical to the

M/D/∞

queue.

lattice following a Poisson process with rate

λ.

Indeed, particles arrive to the
Each particle, upon its arrival to

the lattice, starts traversing it. In the balanced-system limiting regime the particles' traversal times are deterministic and of common length
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τ ; upon traversal

completion the particles leave the lattice. Here again, the common deterministic traversal times assure that particles will leave the lattice exactly

τ

units of

time after their respective arrival epochs, and will do so separately  i.e., one
by one  and in a FIFO manner. We emphasize that in the balanced-system
limiting regime the particles remain separated and thus do not coalesce into
clusters.
Thus, the ASIP in the balanced-system regime  with deterministic traversal time

τ

 is identical to a

M/D/∞

queue with deterministic service time

τ.

This observation gives rise to additional analogies between ASIPs in the limiting

M/D/∞ queue. (i) The ASIP's overall load
M/D/∞ queue size  the total number of jobs present
(i.e., being served) in the M/D/∞ queue in steady state, and is distributed
according to the Poisson distribution with mean τ λ [72]. (ii) The ASIP's busy
period is equal in law to the busy period of the M/D/∞ queue. Indeed, the
busy period in the M/D/∞ queue follows the stochastic regeneration formula

if τ < 40 ,
 τ
B=
(126)

40 + B 0
if 40 ≤ τ ,
balanced-system regime and the

is equal in law to the

in which

τ

40 is the exponential time elapsing between the
B 0 is an IID copy of the busy period B . Note that

is the service time,

arrival epochs of two jobs and

Eq. (126) is a special case of Eq. (97)  in which the general traversal time

T

is replaced by the deterministic traversal time

τ.

(iii) The ASIP's draining

time is equal in law to the residual service-completion time of the newest job
in the

M/D/∞

queue size. Indeed, the cumulative distribution function of the

residual service-completion time,

Tres ,

in the

M/D/∞

queue is equal to the

probability that the inter-arrival time between jobs will exceed the value

τ −t

and is hence given by:

Pr (Tres ≤ t) = exp (−λ(τ − t))
(0 ≤ t ≤ τ ).

One can easily verify that the Laplace transform of

with the right hand side of Eq.

(124).

system limit of the ASIP and the

M/D/∞

(127)

Tres

coincides

The mapping between the balancedqueue is illustrated schematically in

Figure 15.

6.3

Comparison With Simulations

In this section we compare the limit laws obtained above with numerical simulations. Our main aim is to visually demonstrate convergence, and to illustrate
how general thumb rules regarding the applicability of the limiting distributions
as useful approximations can be attained. Throughout the section we use the
following set of parameters:

•

Heavy-Trac regime:

m=1

and

n = 10.

•

Large-System regime:

m=1

and

λ = 1.
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Figure 15: The ASIP's balanced-system limiting regime and the mapping to the

M/D/∞

queue. Each job in the

M/D/∞

queue is mapped to a particle on the

unit interval according to its residual service time. Particles move at a constant
velocity

1/τ ,

the residual service time in the

M/D/∞

queue is hence

τ

times

the distance from the right edge of the unit interval.

•

Balanced-System regime:

λ=1

and

nm = 1.

We note that without loss of generality either

λ or m can always be set to unity.

Traversal Time. Recalling that the traversal time does not depend on the
particles' arrival rate

λ,

we examine the asymptotic behavior of this observable

in the Large-System and Balanced-System regimes only.
In the top panel of Figure 16 we plot histograms of the standardized traversal
time,
with

√
(T − n) / n, in the Large-System regime. As predicted by Eq.
m = 1, convergence to the standard Gaussian distribution is visible

(113),
as the

bell shape curve gradually takes the place of the positively skewed, Erlang like,
distribution that characterizes the standardized traversal time for small

n.

In the bottom panel of Figure 16 we plot histograms of the traversal time,

T,

in the Balanced-System regime. As

n

increases, histograms become sharply

peaked around unity reecting the convergence to a deterministic random variable, as predicted by Eq.

(119).

To that end we note that in the Balanced-

System regime the standard deviation of the traversal time is of order

O(n−1/2 ).

Overall Load . In the top panel of Figure 17 we plot cumulative distribution
functions of the load in the Heavy-trac regime. As predicted by Eq. (107),
with

n = 10, convergence to the Erlang distribution with ten degrees of freedom

is clearly visible as simulated curves virtually collapse onto the Erlang curve for

λ ≥ 25.
inset.

Convergence is also visible when plotting histograms as we do in the

Doing so, one should keep in mind that the load is a discrete random

variable for which there is no proper probability density.

This fact creates a

somewhat deceiving impression regarding convergence, as the onset of density
like histograms strongly depends on the preselected bin widths which in turn
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aect bar heights in the histogram.

Figure 16: Asymptotic behavior of the traversal time in the Large-System (top
panel) and Balanced-System (bottom panel) regimes.
In the middle panel of Figure 17 we plot cumulative probability functions

√
(L − n) / 2n, in the Large-System regime. As prewith λ = m = 1, convergence to the standard Gaussian

of the standardized load,
dicted by Eq. (114),

distribution is clearly visible as the simulated curves closely follow the standard
Gaussian curve even for moderate values of

n.

Convergence is also visible when

plotting histograms as we do in the inset.
In the bottom panel of Figure 17 we plot the ratio between the probability that the overall load in the system is

k (k = 0, 1, 2, .., 6)

and the limiting

probability of this event in the Balanced-System regime, for several dierent
values of

n.

In this type of plot, every deviation of the ratio from unity can

be interpreted as a deviation from the Poissonian limit law given by Eq. (120).
Values that are smaller/larger than unity mean that the observed probability
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will be over/under estimated by the Poissonian approximation. As

n

increases

convergence to the Poissonian limit (bars of unit height) is clearly visible and
it can be considered a fair approximation even for moderate values of

n.

We

note that under the chosen set of parameters, the total error made by neglecting

k>6

terms is given by the probability tail

P r(L > 6) ∼
= 8.32 · 10−5 .

Busy Period . In the top panel of Figure 18 we plot probability density
9

B/λ , in the Heavy-trac regime. As
m = 1 and n = 10, convergence to the exponential

curves of the normalized busy period,
predicted by Eq. (109), with

distribution with unit mean (Standard Exponential) is clearly visible. Under
this choice of parameters the exponential approximation can be considered very
good for

λ ≥ 250.

In the middle panel of Figure 18 we plot probability density curves of the

B/2n , in
λ = m = 1, rapid

normalized busy period,

the Large-System regime.

Eq. (115), with

convergence to the exponential distribution

As predicted by

with unit mean (Standard Exponential) is clearly visible. Under this choice
of parameters the exponential approximation can be considered very good even
for relatively small (n

≥ 10)

values of

n.

In the bottom panel of Figure 18 we plot cumulative distribution functions of
the busy period in the Balanced-System regime. Convergence to the asymptotic
cumulative distribution function predicted by numerical inversion of the Laplace
transform given in Eq.

(121), with

λ = τ = 1,

is clearly visible.

However,

convergence seems slower than in the Heavy-Trac and Large-System regimes
and the asymptotic distribution can be considered a fair approximation only
for relatively large values of
discontinuity (at

B = 1)

n (n ≥ 1250).

This slow convergence is due to the

of the cumulative distribution function of the limiting

busy-period.

First Occupied Site and Draining Time . In the top panel of Figure
19 we plot histograms of the draining time in the Heavy-trac regime.
predicted by Eq.

(112), with

n = 10,

As

convergence to the Erlang distribution

with ten degrees of freedom is clearly visible and the Erlang approximation seems
excellent even for relatively small particles' arrival rate (λ

= 3).

In the inset we

λ. Under the
Pr (I = 1) = λ/ (1 + λ). As
(111) this probability rapidly approaches unity as λ increases.

plot the probability of nding the rst site occupied as a function of
chosen set of parameters this probability is given by
delineated by Eq.

In the middle panel of Figure 19 we plot histograms of the standardized

√
(D − n) / n, in
m = 1, convergence

draining time,

the Large-System regime. As predicted by Eq.

(118), with

to the standard Gaussian distribution is clearly

visible and the Gaussian approximation seems fair for

n ≥ 250.

Equation (102)

asserts that for homogeneous ASIPs the rst occupied site follows a truncated

k−1

Pr (I = k) = q (1 − q)
n
Pr (I = ∞) = (1 + λm) .

(k = 1, 2, 3, · · · , n),
q = λm/ (1 + λm) and
Hence, the probability
that I = ∞, i.e. all sites are empty, can also be understood as the total error
made in approximating Pr (I = k) (k = 1, 2, 3, · · · ) by the geometric limit, given
−n
in Eq. (117). Under the chosen set of parameters Pr (I = ∞) = 2
, and the

geometric distribution for which
where

total error made by making use of the geometric approximation rapidly decays
to zero as is clearly illustrated in the inset.
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Figure 17: Asymptotic behavior of the overall load in the Heavy-Trac (top
panel), Large-System (middle panel) and Balanced-System (bottom panel)
regimes.
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Figure 18:

Asymptotic behavior of the busy period the Heavy-Trac (top

panel), Large-System (middle panel), and Balanced-System (bottom panel)
regimes; Standard exponential is a shorthand for the exponential distribution
with unit mean.
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In the bottom panel of Figure 19 we plot cumulative distribution functions
of the draining time in the Balanced-System regime. Convergence to the asymptotic cumulative distribution function predicted by integrating over the density
in Eq. (125) with

λ = τ = 1,
D = 0) is

the probability that

while taking into account the atom at zero (i.e.,
clearly visible. Similarly, cumulative distribution

function of the rst occupied site are plotted in the inset and are shown to
converge to the asymptotic cumulative distribution function predicted by Eq.
(122).

6.4

Asymptotic analysis: The general case

In this section we shift from homogeneous ASIPs to general (inhomogeneous)
ASIPs, and extend the stochastic limit laws established in Section 6.2 to the
general case.

mk = 1/µk the mean
k , by E an exponentially distributed random
by Z a Gauss-distributed random variable with

Throughout this section we denote by

sojourn time of particles in site
variable with unit mean, and
zero mean and unit variance.

6.4.1

Heavy trac

We remind the reader that the heavy-trac regime considers ASIP lattices in
which the inow rate tends to innity:

λ → ∞.

set

Throughout this subsection we

n

hmi =

1X
mk
n

(128)

k=1

and

n

m2 =

1X 2
mk
n

.

(129)

k=1

The ASIP stochastic limit laws  under the heavy-trac regime  are as
follows:

Traversal Time. As is clear from Eq. (91) the inow rate does not aect
the traversal time

T.

n independent exponential
{m1 , · · · , mn }. Consequently, the

The traversal time is a sum of

random variables with corresponding means

Laplace transform of the traversal time is given by

E [exp (−θT )] =

n
Y
k=1

(θ

1
1 + mk θ

(130)

≥ 0).
Overall Load .

Increasing the inow rate

increase of the overall load

L.

L

by the dimensionless term

normalized

is expected to result in an

L scales linearly with λ. Consequently, we normalize the overall
hmi λ and analyze the stochastic limit of the
overall load L/ (hmi λ) (as λ → ∞). Setting z = exp(−θ/ (hmi λ))

the overall load
load

λ

And indeed, Eq. (93) implies that the mean of

in Eq. (94) we obtain the limit
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Figure 19:

Asymptotic behavior of the rst occupied site and draining time

in the Heavy-Trac (top panel), Large-System (middle panel), and BalancedSystem (bottom panel) regimes.
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lim E exp −θ

λ→∞

L
hmi λ


=

n
Y
k=1

1
1+

(131)

mk
hmi θ

≥ 0). Eq. (131) implies that the limiting overall load is equal, in law, to the
n independent exponential random variables with corresponding means
{m1 / hmi , · · · , mn / hmi}.
(θ

sum of

Busy Period .
rate

B.

λ

As in the case of the overall load, increasing the inow

is expected to result in an increase of the duration of the busy period

(98) implies that the mean of the busy period B scales
λn−1 . Consequently, we normalize the busy period B by the dimensionless
n−1
term (hmi λ)
and analyze the stochastic limit of the normalized busy period
n−1
B/ (hmi λ)
(as λ → ∞). Using Eq. (99) we obtain the limit
!#
"
1
B

=
(132)
lim E exp −θ
Qn mk 
n−1
λ→∞
(hmi λ)
1 + hmi k=1 hmi θ
And indeed, Eq.

like

(θ

≥ 0).

Eq.

(132) implies that the limiting busy period is equal, in law,

hmi

Qn

k=1 (mk / hmi). Note that
mk
≤
1
due
to
the
inequality
of
arithmetic
and
geometric means.
k=1 hmi
First Occupied Site . Increasing the inow rate λ is expected to increase

to an exponential random variable with mean

Qn

to one the probability of nding the rst site occupied. And, indeed, Eq. (102)
yields the limit

lim Pr (I = 1) = 1

λ→∞

.

(133)

Draining Time . Equation (133) implies that for large
site is eectively the rst site. Consequently, for large
should coincide with the traversal time

T.

λ

λ

the rst occupied

D
λ→∞

the draining time

And indeed, taking the limit

in Eq. (105) conrms this conjecture.

6.4.2

Large Systems

We remind the reader that the large-system regime considers ASIPs in which
the number of sites increases to innity:

n → ∞.

In Subsection 6.2.2 we

analyzed the large-system limit of homogeneous ASIP lattices.

Throughout

our analysis we have encountered sums of IID random variables and, in turn,
applied the classic Central Limit Theorem.

In this subsection we will make

use of Lyapunov's Central Limit Theorem, a variant of the classical Central
Limit Theorem in which the random summands

{ξk }

are independent, but not

necessarily identically distributed [73]. Lyapunov's theorem requires that there
exists some

{|ξk |}

δ > 0 for which the moments of order (2+δ) of the random variables

exist and that the rate of growth of these moments is limited by the

condition

n
P

lim

n→∞



E |ξk − E [ξk ] |2+δ

k=1



n
P

 2+δ
2
Var [ξk ]

k=1
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= 0.

(134)

The theorem then asserts that the sum

n
X
ξ − E [ξk ]
sk
n
P
k=1
Var [ξk ]

(135)

k=1
converges in distribution to a standard normal random variable

Z,

as

n

tends

to innity. A note regarding Lyapunov's condition appears in the Appendix to
this chapter.
Throughout this sections we will assume that the random variables
and

{G1 , G2 , G3 · · · },

{41 , 42 , 43 · · · }

that were dened, respectively, in subsections 6.1.1 and

6.1.2 obey Lyapunov's condition. In addition, we will assume that

"n−1
#
∞
n
X
Y
X
−1
(1 + λmk )
mk < ∞ .
n=1

k=1

(136)

k=1

A note regarding the condition in Eq. (136) appears in the Appendix to this
chapter. Provided that the conditions in Eqs. (134) and (136) jointly hold, the
ASIP stochastic limit laws  under the large-system regime  are as follows:

T is a
{4
,
·
·
·
,
4
}
,
with
the
n
 2 1
corresponding means {m1 , · · · , mn } and variances
m1 , · · · , m2n . Applying
Lyapunov's Central Limit Theorem we obtain that the traversal time T admits
Traversal Time.

sum of

n

Equation (91) asserts that the traversal time

independent exponential random variables,

the Gaussian stochastic approximation

T ≈

n
X

v
u n
uX
mk + t m2k · Z

(as

(137)

k=1

k=1

n → ∞).
Overall Load . Equation (94) asserts that the overall load

L is a sum of n
{G
,
·
·
·
,
G
}
, with the corresponding
1
n
n
o
2
2
means {λm1 , · · · , λmn } and variances
λm1 + (λm1 ) , · · · , λmn + (λmn ) .
Applying Lyapunov's Central Limit Theorem we obtain that the overall load L

independent geometric random variables,

admits the Gaussian stochastic approximation

L≈

n
X
k=1

(as

v
u n 

uX
2
λmk + t
λmk + (λmk ) · Z

(138)

k=1

n → ∞).
Busy Period .

Increasing the lattice size

increase in the length of the busy period.
large

n

n

is expected to result in an

Indeed, Eq.

the mean of the busy period scales like

n
Q

(1 + λmk ).

k=1
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(98) implies that for
Consequently, we

analyze the stochastic limit of the normalized busy period

B/

n
Q

(1 + λmk )

(as

k=1

n → ∞).

Using Eq. (99) we obtain the limit










lim E 
n
exp −θ Q

n→∞

B
(1 + λmk )


 = λ
 λ + θ

(139)

k=1

≥ 0).

(θ

Since the right-hand-side of Eq.

an exponential distribution with mean

1/λ,

(139) is the Laplace transform of
we obtain that the busy period

B

admits the stochastic approximation

n
Y

B≈

(1 + λmk ) ·

k=1
(as

n → ∞).

The derivation of Eq.

1
E
λ

(140)

(139) is given in the Appendix to this

chapter.

First Occupied Site . Taking the limit

lim Pr (I = k) =

n→∞

(k

= 1, 2, 3, · · · ).

n→∞

in Eq. (102) yields

k−1
λmk Y
1
1 + λmk j=1 1 + λmj

(141)

This result can be interpreted as an inhomogeneous geometric

law. The derivation of Eq. (141) is given in the Appendix to this chapter.

Draining Time . In the Appendix to this chapter we show that the reguI−1 
P

4k is a nite constant
k=1
that does not depend on n. Consequently  since the number of sites tends to
larity condition given in Eq. (136) asserts that

innity (n

→ ∞)  the draining time D

E

eectively equals the traversal time

T.

Combining this observation together with Eq. (137) implies that the draining
time

D

admits the Gaussian stochastic approximation

D≈

n
X

v
u n
uX
mk + t m2k · Z

(as

n → ∞).

(142)

k=1

k=1
The derivation of Eq.

(142) is given in the Appendix to this

chapter.

6.4.3

Balanced Systems

We remind the reader that the balanced-system regime considers ASIPs in which
the number of sites tends to innity (n
each site tends to zero (mk

→0

for all

→ ∞), and the mean sojourn time at
k ). In the case of homogeneous ASIPs

the balance between the large number of sites and the rapid gate-opening rates
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was attained by setting

mk = τ /n

τ

where

is an arbitrary positive parameter.

In the case of general ASIPs the balance is attained by setting

mk = φ
(k

= 1, · · · , n),

 
k 1
n n

(143)

φ(u) is an arbitrary positive-valued function dened on
≤ u ≤ 1). The integrability conditions that the function
´1
´1
2
φ(u) needs to meet are 0 φ (u) du < ∞ and 0 φ (u) du < ∞. In what follows,
´1
and without loss of generality, we further set
φ (u) du = τ .
0
Applying this balanced-system setting, and taking the limit n → ∞, the
following results are obtained: (i) the traversal time T admits the limit of Eq.
(119); (ii) the overall load L admits the limit given by Eq. (120); (iii) the
busy period B admits the limit given by Eq. (121); (iv) the draining time D
where

the unit interval (0

admits the limit given by Eq. (124). Namely, in the balanced-system regime,
the aforementioned observables  traversal time, overall load, busy period,
and draining time  admit the same stochastic limit laws both in the case
of homogeneous ASIPs and in the case of general ASIPs. A dierence between
homogeneous and general ASIPs is displayed by the rst occupied site
setting

Iˆ = I/n to be the scaled rst occupied site, we obtain the




´x

 limn→∞ Pr Iˆ > x = exp −λ 0 φ (u) du ,



(0

≤ x ≤ 1).

limn→∞ Pr(Iˆ = ∞) = exp (−λτ )

I.

Indeed,

limits

(144)

,

We note that the above mentioned results can also be obtained

under milder assumptions and we refer the reader to the Appendix to this
chapter for details and proofs.
As in the homogeneous setting, the general balanced-system limiting regime
can be understood as an

M/D/∞

queue. Indeed, particles arrive to the lattice

following a Poisson process with rate

λ.

Each particle, upon its arrival to the

lattice, starts traversing it. Particles' traversal times are deterministic and of
common length

τ , and upon traversal completion

the particles leave the lattice.

As in the homogeneous setting, the common deterministic traversal times assure
that particles will leave the lattice exactly

τ

units of time after their respective

arrival epochs, and will do so in a FIFO manner.

One should however note

the following dierence between the homogeneous and inhomogeneous settings.
While in the homogeneous setting particles traverse the lattice at a constant
velocity, in the inhomogeneous setting particles do so with a local velocity
that depends on their position along the lattice. Specically, in the homogeneous
ASIP the traversal velocity is position-independent and equals

1/τ

(in units

length per unit time), whereas in the inhomogeneous ASIP the traversal velocity
is position-dependent and is given by the function
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1/φ(u).

6.5

Conclusions

In this chapter we established stochastic limit laws for ve key observables of
the ASIP: Traversal Time, Overall Load, Busy Period, First Occupied Site, and
Draining Time. We considered three dierent asymptotic limiting regimes: the
heavy-trac regime, the large-system regime, and the balanced-system regime.
We showed that each of these limiting regimes yields a set of stochastic limit
laws for the ASIP's ve key observables. Each set of limit laws established is, in
eect, a characteristic nger print of the asymptotic limiting regime applied.
The results were obtained analytically and in closed form, and cover both homogeneous and inhomogeneous ASIPs. In the following chapter, we will introduce
the reader to Catalan's trapezoids a combinatorial construct instrumental to
the analysis of the ASIP.
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6.6

Appendix

6.6.1
Let

t.

Proof of the Distributional Little's Law

A(t)

denote the number of Poisson arrivals during a time interval of length

Then

i
i
h h
ii
h
h
E z A(T ) = ET E z A(T ) |T = ET e−λ(1−z)T ,

where in the second equality we have used fact that
distribution with mean

λt.

A(t)

The right hand side of Eq.

transform of the traversal time

T

evaluated at the point

(145)

follows the Poisson

(145) is the Laplace

θ = λ(1 − z)

and by

use Eq. (91) we therefore have

n
h
i Y
E z A(T ) =
k=1

µk
.
µk + λ(1 − z)

Comparing this result with Eq. (94) it readily follows that

6.6.2

(146)

 


E z L = E z A(T ) .

Derivation of Eq. (99)

Considering Eq.

(97) and utilizing the law of total expectation we write the

Laplace transform of

B

as

(
E [exp (−θB)] = P r(T < 40 )E [exp (−θT ) |T < 40 ]
+P r(40 ≤ T )E [exp (−θ(40 + B 0 )) |40 ≤ T ] .

(147)

The rst term in Eq. (147) is treated by noting that the independence of
the random variables

40

and

T

implies

∞
´

f (t)e−θt P r(t < 40 )dt

E [exp (−θT ) |T < 40 ] =
where

f (t)

0

is the probability density function of

distributed with rate

,

P r(T < 40 )

λ, P r(40 > t) = e−λt ,

E [exp (−θT ) |T < 40 ] =

T.

Since

40

(148)

is exponentially

and we have

E [exp (−(θ + λ)T )]
.
P r(T < 40 )

(149)

We now note that the Laplace transform of the random variable

T

is given by

Eq. (91) and we therefore have

P r(T < 40 )E [exp (−θT ) |T < 40 ] =

n
Y
k=1

µk
.
µk + θ + λ

(150)

The second term in Eq. (147) is treated by noting that the random variables

{40 , T, B 0 }

are independent, and that

B0
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is an IID copy of

B.

Therefore,

E [exp (−θ(40 + B 0 )) |40 ≤ T ]
∞
´
E[exp(−θB)] f (t)

where

g(z) = λe−λz

t́

(151)

#
g(z)e−θz dz dt

0

0

=

"

,

P r(40 ≤T )

40 .

is the probability density function of

The double

integral gives:

λ
λ+θ

ˆ∞

h
i
f (t) 1 − e−(λ+θ)t dt =

"
#
n
Y
λ
µk
1−
,
λ+θ
µk + θ + λ

(152)

k=1

0
and we conclude that

E [exp (−θ(40 + B 0 )) |40 ≤ T ]

n
Q
λE[exp(−θB)] 1−

µk
µ +θ+λ
k=1 k

=

P r(40 ≤T )(λ+θ)

(153)



.

Substituting Eqs.

(150) and (153) into Eq.

obtain Eq.

Equation (98) can be obtained directly by using

(99).

(147) and rearranging terms we

E [B] =

− dE[exp(−θB)]
|θ=0 .
dθ
6.6.3

Derivation of Eqs. (104) and (105)

Considering Eq. (103) and conditioning on the value of the rst non-empty site

I

we obtain the following expressions:


n
n
P
P

E[D] = E[E[D|I]] =
P r(I = k)

k=1

j=k

1
µj

n
n
P
Q

−θD

] = E[E[e−θD |I]] = P r(I = ∞) +
P r(I = k)
E[e
k=1

j=k

µj
θ+µj

(154)

Equations (104) and (105) follow by substituting Eq. (102) into Eq. (154).

6.6.4

Derivation of Eq. (118)

Intuitively, Eq.

(118) is most easily understood by noting that in the large-

system limit, the draining and traversal times are both given by innite sums

∞
P

is a sum of

I − 1,

D =

4k

∞
P

4k ,
k=I
k=1
correspondingly. Moreover, the only dierence between the two innite sums

of independent exponential random variables,

and

T =

independent, exponential random variables whose expected

value is

lim E

n→∞

"I−1
X

#
4k

k=1

" "I−1
##
X
1
= EI E
4k |I
= ,
λ
k=1
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(155)

a nite constant that does not depend on

n.

The dierence between the traversal

time and the draining time is hence negligible in the large-system limit.
More precisely, Eq. (118) is derived by substituting

−iθ

θ

for

in (see in the

sequel) Eq. (165) to obtain the characteristic function of the draining time

E [exp (iθD)] =

−iθ
−iθ − λ



1
1 + λm

n
+

λ
λ + iθ



1
1 − iθm

The characteristic function of the standardized draining time,

n
.

(156)

D−nm
√ , follows
m n

h
 h
ii h

n
√
−iθ/(m n)
1
√
√
E exp iθ D−nm
=
1+λm
m n
−iθ/(m n)−λ

n i
√
λ √
1 √
+ λ+iθ/(m
exp (−iθ n) .
n) 1−iθ/ n

(157)

Recalling the Taylor expansion


n · ln


√
√
1
√
= iθ n − θ2 /2 + O(1/ n)
1 − iθ/ n

(158)

and taking the large-system limit of Eq. (157) we obtain


 


D − nm
√
= exp −θ2 /2 ,
lim E exp iθ
n→∞
m n

(159)

which is the characteristic function of a normal random variable with zero mean
and unit variance.

6.6.5

Derivation of Eq. (122)

We now note that



X
Pr Iˆ > x =
i/n>x
taking the limit

n → ∞



λ
1
ˆ= ∞
+
Pr
I
n/τ + λ (1 + λτ /n)i−1

(160)

we nd that the rst term is a Riemann sum that

converges to the integral

ˆ1

ˆ
lim Pr I > x = λτ exp (−λτ u) du .


n→∞

(161)

x
and that the second term is given by

lim Pr(Iˆ = ∞) = lim

n→∞

n→∞



1
1 + λτ /n

Eq. (122) readily follows.
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n
= exp (−λτ ) .

(162)

6.6.6

Derivation of Eq. (124)

In order to derive Eq. (124) we rst note that, in the case of a homogeneous
ASIP lattice, Eq. (105) reads

E [exp (−θD)] =
λm
+ 1+λm

n 
P
k=1



1
1+λm

1
1+λm

n

k−1 

1
1+θm

n−k+1

(163)

.

We sum the series by noting that

n
X

b (an − bn )
,
a−b

ak−1 bn−k+1 =

k=1

(164)

a formula that is easily proved by use of either geometric series summation or
mathematical induction. We obtain

θ
E [exp (−θD)] =
θ−λ



1
1 + λm

n

Equation (124) follows from substituting
the limit

6.6.7

•

λ
+
λ−θ

m = τ /n



1
1 + θm

n
.

(165)

into Eq. (165) and taking

n → ∞.

Derivation of the Large System Limiting Regime  General
Case
Notes on Regularity Conditions

1. In practice it is usually easiest to check the Lyapunov's condition for

δ=1

and it is easily veried that the condition holds for the special case in which
the following two limits exist:




σ 2 = limn→∞






3

 κ = limn→∞

1
n

n
P

Var [ξk ]

,

k=1
(166)

1
n

n
P



E |ξk − E [ξk ] |3

.

k=1

2. The fact that Lyapunov's condition holds for the random variables
and

{G1 , G2 , G3 · · · }

{41 , 42 , 43 · · · }

implies that

 ∞
P


mk = ∞ ,


 k=1

∞

Q


(1 + λmk ) = ∞ .

k=1
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(167)

n
P

Indeed, since



E |ξk − E [ξk ] |2+δ

k=1

∞
P

Eq. (134) implies that

is monotonically increasing with

Var [ξk ] diverges.

k=1
ables,

∞
P

{41 , 42 , 43 · · · }, this means that

In the case of the random vari-

m2k

diverges and in the case of

k=1

{G1 , G2 , G3 · · · }, this means that

the random variables,

∞
P

diverges. In any case, since

∞
P

mk < ∞ ⇒

k=1

mk

n,

∞
P
k=1

∞
P
k=1

m2k

<∞

λmk + λ2 m2k



it follows that

must diverge as well. In addition, since

k=1

1+λ

n
P

mk ≤

k=1

it follows that

∞
P

mk

k=1

n
Q

(1 + λmk ) ≤ e

n
P

λ

mk

k=1

,

k=1

∞
Q

and

(1 + λmk )

(168)

converge or diverge together.

k=1

3. The regularity condition in Eq. (136) implies that



n
P


lim 

k=1

mk

n→∞  n−1
Q

(1 + λmk )



 = 0.


(169)

k=1
Since

n
P

n
P

mk
(1+λmk )

mk
k=1
k=1
≤
≤
n
n
n−1
Q
Q
Q
(1 + λmk )
(1 + λmk )
(1 + λmk )
mj
(1+λmj )

k=1
it follows that

k=1

(170)

k=1




mj


(1+λmj )


 = 0,
limn→∞  Q

n


(1+λmk )


k=1
P


n

mk


(1+λm
)
k


 = 0.
limn→∞  k=1

n
Q


(1+λmk )
k=1
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(171)

•

Busy Period

From Eq. (99), the Laplace transform

B/

n
Q

(1 + λmk )

is given by

k=1







E exp −θ

B
n
Q

(1+λmk )

 =

k=1

λ+θ/

n
Q

(172)

(1+λmk )

k=1

"
λ+θ

Qn

k=1

1+θmk / (1+λmk )

n
Q

!#

.

(1+λmj )

j=1

Equation (167) asserts that the second term in the nominator of the right hand
side of Eq. (172) is negligible in the large

n

limit. Taking the logarithm of the

second term in the right hand side of the denominator of Eq. (172) and using
Eq. (171) we have

"

"
Qn

log

k=1

n
P



θ  k=1
n
Q

1 + θmk / (1 + λmk )

mk
(1+λmk )

(1+λmk )

n
Q

!##
(1 + λmj )

∼
=

j=1
(173)


 −→ 0

k=1

(as

n → ∞).

The result in Eq. (139) follows from the continuity of the expo-

nential function.

•

First Occupied Site

In order to obtain Eq. (141) it is enough to take the limit

n→∞

in Eq. (102)

and use Eq. (167).

•

Draining Time

Provided that Lyapunov's condition holds for the random variables,

{41 , 42 , 43 · · · },

Eq. (137) asserts that

n
P

n
P
4k −
mk
d
k=1
k=1
s
−→ Z
n
P
m2k

(174)

k=1

(as

n → ∞).

In order to show that

n
P
D−
mk
d
k=1
s
−→ Z
n
P 2
mk
k=1
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(175)

(as

n → ∞),

we note that

n
P

D=

4k

k=I
able that converges in distribution to
variables

ξn

and

distribution to

ξ

ζn

ξ

and recall that if

ξn

is a random vari-

and the dierence between the random

converges in probability to zero, then

ζn

also converges in

[74]. It is therefore sucient to show that





I−1
P


4
 k=1 k

lim P r  s
>ε
n→∞
n
P

2
mk



→0.



(176)

k=1

By use of Markov's inequality we have





I−1
P


4
 k=1 k

Pr  s
>ε
n
P

2
mk
k=1

I−1 
P
 E
4k

 ≤ sk=1
.

n
P

2
ε
mk

(177)

k=1

By use of Eq. (141) the nominator in the right hand side of Eq. (177) gives

E

I−1
P


 I−1

P
4k = EI E
4k |I ∼
=

k=1

k=1
(178)

∞
P
n=1

λmn
1+λmn

Since

λmn
1+λmn
n−1
Q

n−1
Q

(1 + λmj )

−1

k=1

n−1
P

mk .

k=1

n−1
P

n
P

k=1

k=1

mk
≤

(1 + λmk )

mk
,

n−1
Q

(179)

(1 + λmk )

k=1

k=1

the regularity condition in Eq. (136) asserts that

E

I−1
P


4k

is a nite constant
k=1
that does not depend on n. Recalling that Lyapunov's condition for the random
∞
P
variables, {41 , 42 , 43 · · · } implies that
m2k = ∞ (see notes on regularity
k=1
conditions above), we conclude that

I−1 
P
E
4k
k=1
=0
lim s
n→∞
n
P
2
ε
mk
k=1

and the desired result, Eq. (142), follows.
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(180)

6.6.8

•

Derivation of the Balanced System Limiting Regime  General Case
Regularity Conditions

In proving the results presented in Section 6.4.3 we rst note that the setup
depicted there is a special case of a more general setup. Here we will assume
that the set

φ(u)

{mk (n)}

is chosen such that there exists a positive-valued function

that obeys

x́

limn→∞

P

mk (n) = φ(u)du < ∞
0

k/n<x

(181)

limn→∞

P

2

mk (n) = 0

k/n<x

(0 ≤ x ≤ 1).

In particular, and without loss of generality, we denote

ˆx
F (x) =

φ(u)du

(182)

0

(0 ≤ x ≤ 1),

and set

F (1) = τ .

One can now easily verify that Eq.

holds for the special case in which

´1
0

mk (n) = φ

2

k
n



1
n,

´1
0

(181)

φ (u) du = τ

and

φ (u) du < ∞.
•

Traversal Time

Taking the logarithm of Eq. (91) we obtain

log [E [exp (−θT )]] = −

n
X

log [1 + mk (n)θ]

(183)

k=1
(θ

≥ 0).

We now note that

−

n
X

log [1 + mk (n)θ] ∼
= −θ

k=1

n
X

n

mk (n) −

k=1

θX
mk (n)2
2

(184)

k=1

and after taking the balanced-system limit of this equation we have

lim −

n→∞

The desired result, Eq.

n
X

log [1 + mk (n)θ] = −θτ .

(185)

k=1

(119), follows from the continuity of the exponential

function.
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•

Overall Load

Taking the logarithm of Eq. (94) we obtain

n
X
  
log E z L = − log [1 + mk (n)λ (1 − z)]

(186)

k=1
(|z|

≤ 1).

We now note that

n
P

−

log [1 + mk (n)λ (1 − z)]

k=1
(187)

∼
= −λ (1 − z)

n
P

mk (n) −

k=1

λ(1−z)
2

n
P

2

mk (n) ,

k=1

and after taking the balanced-system limit of this equation we have

lim −

n→∞

n
X

log [1 + mk (n)λ (1 − z)] = −λ (1 − z) τ .

(188)

k=1

The desired result, Eq.

(120), follows from the continuity of the exponential

function.

•

Busy Period

Taking the balanced-system limit of Eq. (99) we have (by use of continuity)

limn→∞ E [exp (−θB)] =
Q λ+θ
λ+θ limn→∞ n
k=1 [1+(λ+θ)mk (n)]
(θ

≥ 0).

(189)

.

We now note that

n
Qn
P
log [ k=1 [1 + (λ + θ)mk (n)]] =
log [1 + (λ + θ)mk (n)]
k=1

(190)

' (λ + θ)

n
P

mk (n) +

k=1

λ+θ
2

n
P

2

mk (n) ,

k=1

and after taking the balanced-system limit of this equation we have

"
lim log

n→∞

The desired result, Eq.

n
Y

#
[1 + (λ + θ)mk (n)] = (λ + θ)τ .

(191)

k=1
(121), follows from the continuity of the exponential

function.
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•

First Occupied Site

We note that





Pr Iˆ > x = Pr Iˆ = ∞
λ
1
1/mk (n)+λ k−1
Q
k/n>x
(1+λmj (n))

+

P

.

(192)

j=1

Taking the balanced-system limit of both sides we nd that the rst term is
given by

lim Pr(Iˆ = ∞) = lim

n→∞

n→∞

n
Y
k=1

1
= exp (−λτ ) .
1 + λmk (n)

(193)

The second term converges to the integral

ˆ1

Pr x < Iˆ ≤ 1 = λ φ(u) exp (−λF (u)) du


(194)

x
which in turn gives



Pr x < Iˆ ≤ 1 = exp (−λF (x)) − exp (−λτ ) .

(195)

Equation (144) readily follows.

•

Draining Time

We rst note that

h h
ii
E [exp (−θD)] = EÎ E exp (−θD) |Iˆ .

(196)

Taking the balanced-system limit of both sides we have

limn→∞ E [exp (−θD)] = exp (−λτ )
(197)

1́

+λ φ(u) exp (−λF (u)) exp (−θ (τ − F (u))) du ,
0
and the desired result, Eq. (124), follows.
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7

Catalan's Trapezoids

Named after the French-Belgian mathematician Eugène Charles Catalan, Catalan's numbers arise in various combinatorial problems [75].

Catalan's trian-

gle, a triangular array of numbers somewhat similar to Pascal's triangle, extends the combinatorial meaning of Catalan's numbers and generalizes them
[76, 77, 78, 79].

A need for a generalization of Catalan's triangle itself arose

while conducting a probabilistic analysis of the ASIP. In this chapter, we introduce the reader to Catalan's trapezoids, a countable set of trapezoids whose rst
element is Catalan's triangle. An iterative scheme for the construction of these
trapezoids is presented, a closed-form formula for their entries is derived and
their combinatorial meaning is further interpreted.

Catalan's trapezoids will

come to our aid in Chapter 8 where we derive explicit solutions for occupation
probabilities in the ASIP model.

7.1

Catalan's Numbers and Catalan's Triangle

Consider a string of numbers composed of

n (+1)'s

and

n (−1)'s,

arranged

in a row from left to right, such that the sum over every initial substring is
non-negative.

What is the total number of dierent such strings?

Consider

equivalently a path that: (i) starts at the origin of a two dimensional lattice;
(ii) consists of
the line

y = x.

n

right (→) steps and

n

up (↑) steps; (iii) does not go above

What is the total number of dierent such paths? As it turns

out, the solution to these combinatorial problems is given by the

nth

Catalan

number [75]:


C(n) =
(n = 1, 2, 3, · · · ),

with

numbers are given by:



2n
n


−

2n
n−1

C(0) = 1 by denition.
1, 1, 2, 5, 14, 42, 132, 429.


(198)

Specically, the rst Catalan

One can generalize the combinatorial problem mentioned above by considering strings of
and

k

n (+1)'s

and

k (−1)'s

or, alternatively, paths of

n

right steps

up steps. In this case, the number of dierent strings for which the sum

over every initial substring is non-negative is given by:


1







!

 n+k
C(n, k) =
−

k








0
(n = 0, 1, 2, · · · ; k = 0, 1, 2, · · · ),

k=0
n+k
k−1

!
1≤k≤n

(199)

k>n

and the same is true for the number of paths

that start at the origin of a two dimensional lattice and do not go above the
line

y = x.
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n/k

0

0

1

1

1

1

2

1

2

2

3

1

3

5

5

4

1

4

9

14

14

5

1

5

14

28

42

42

6

1

6

20

48

90

132

132

7

1

7

27

75

165

297

429

1

2

3

4

5

6

7

429

Table 3: Some entries of Catalan's triangle.

The numbers

C(n, k)

are referred to in combinatorial mathematics as the

entries of Catalan's triangle [75, 76, 77, 78]. These entries facilitate the solution to Bertrand's famous ballot problem [59]: In an election where candidate

A

receives

that

A

n

votes and candidate

will not trail behind

B

B

receives

k

votes, what is the probability

throughout the entire count of votes?.

In-

deed, the answer to this version of Bertrand's problem is given by the ratio


C(n, k)/

n+k
k


.

Catalan's triangle, illustrated in Table 3, has the following iterative construction. By denition, all entries that are positioned on the left boundary of
the triangle

(k = 0)

are given by the boundary condition

C(n, 0) = 1.

In Table

3, these entries are highlighted in bold. Entries positioned to the right of the
main diagonal

k=n

are zero. In Table 3, these entries are indicated by empty

squares. All the other entries of Catalan's triangle follow the recursion

C(n, k) = C(n − 1, k) + C(n, k − 1) ,

(200)

i.e., each entry is a sum of the entry above it and the entry to its left. In Table 3,
a specic example,

9+5 = 14, is highlighted in magenta. Entries on the diagonal
(k = n) are the Catalan numbers: C(n, n) = C(n). In

of Catalan's triangle

Table 3, these entries are highlighted in blue.
The combinatorial meaning of Eq.

(200) and its validity for

1 ≤ k ≤ n

become immediately clear after conducting a binary partition of all valid strings

+1 or −1. Indeed, since k ≤ n the sum over a string
k (−1)'s is non-negative. Moreover, if the string ends with +1
there are exactly C(n − 1, k) ways to choose the order of the rst n − 1 (+1)'s
and k (−1)'s such that the sum over every initial substring is non-negative.
Similarly, if the string ends with a −1 there are exactly C(n, k − 1) ways to
choose the order of the rst n (+1)'s and k − 1 (−1)'s such that the sum over

according to their last digit
of

n (+1)'s

and

every initial substring is non-negative. Equation (200) readily follows.
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7.2

Catalan's Trapezoids

The need for a generalization of Catalan's triangle naturally arose while conducting a probabilistic analysis of the ASIP. Analyzing the ASIP, it so turned
out that steady state occupation probabilities in the model can be written in
terms of entries taken from trapezoid number arrays whose iterative construction is identical to that of Catalan's triangle, albeit a small change in boundary
conditions. Hence, we set out to construct a family of Catalan trapezoids.

Cm (n, k) denote the (n, k) entry of the Catalan's trapezoid of order m
= 1, 2, 3, · · · ). Dening Catalan's trapezoid of order m = 1 to be Catalan's
triangle we have C1 (n, k) = C(n, k). The iterative construction of higher order
Let

(m

trapezoids is similar to that of Catalan's triangle. All elements on the left bound-

(k = 0)

ary

Cm (n, 0) = 1,
(n = 0; 0 ≤ k ≤ m − 1) are

of the trapezoid are given by the boundary condition

all elements on the upper boundary of the trapezoid

Cm (0, k) = 1, and all elements positioned to
k = n + m − 1 are set to zero. The rest of the elements

given by the boundary condition
the right of the diagonal

in the trapezoid follow a recursive rule similar to the one given in Eq. (200),
albeit replacing the numbers

C(n, k)

by the numbers

Cm (n, k):

Cm (n, k) = Cm (n − 1, k) + Cm (n, k − 1) ,

(201)

i.e., each entry is a sum of the entry above it and the entry to its left. Some
entries of Catalan's trapezoid of order

m=2

and of order

m=3

are given in

Table 4.
A closed form expression for

Cm (n, k) =



























n+k
k

!

n+k
k

!

Cm (n, k)

is given by

0≤k<m

−

n+k
k−m

!
m≤k ≤n+m−1

(202)

k >n+m−1

0

(n = 0, 1, 2, · · · ; k = 0, 1, 2, · · · ; m = 1, 2, 3, · · · ).

Indeed, substituting Eq. (202)

into Eq. (201) and making use of the well known Pascal's rule [59] one can easily
verify that the recursion rule in Eq. (201) holds. The validity of the trapezoid
boundary conditions can be easily veried as well.
We will now show that
and

k (−1)'s

Cm (n, k) is the number of dierent strings of n (+1)'s

for which the sum over every initial substring is larger than, or

equal to, a threshold level

1 − m (m = 1, 2, 3, · · · ).

Setting

m=1

we note that

this combinatorial interpretation generalizes the combinatorial interpretation
given for the entries of Catalan's triangle.
In order to prove that our combinatorial interpretation is valid we will consider an equivalent path counting problem. In the non-negative quadrant of a
two dimensional lattice {(x, y)|x, y

= 0, 1, 2, 3, · · · },
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what is the total number

n/k

0

1

0

1

1

1

1

2

2

2

1

3

5

5

3

1

4

9

14

14

4

1

5

14

28

42

42

5

1

6

20

48

90

132

6

1

7

27

75

165

297

429

429

7

1

8

35

110

275

572

1001

1430

2

3

4

5

6

7

8

132
1430

n/k

0

1

2

0

1

1

1

1

1

2

3

2

1

3

6

9

9

3

1

4

10

19

28

4

1

5

15

34

62

90

90

5

1

6

21

55

117

207

297

297

6

1

7

28

83

200

407

704

1001

1001

7

1

8

36

119

319

726

1430

2431

3432

3

4

5

6

7

8

9

3
28

Table 4: Some entries of Catalan's trapezoid of order

m=2

3432

(top) and

m=3

(bottom). Entries on the left and upper boundaries are marked in bold. Null
entries positioned to the right of the diagonal

k = n+m−1

are indicated by

empty squares. All other entries follow the recursive rule given in Eq. (201).
Two specic examples,

429 + 572 = 1001

and

117 + 83 = 200,

are highlighted in

magenta.

(i) start at the origin (0, 0); (ii) are composed out of n right
k up steps (↑); (iii) do not go above the line y = x + m − 1
(m = 1, 2, 3, · · · )? The formulation of this path counting problem asserts that

of paths that:

steps (→) and

if a path meets the above-mentioned requirements then at any point along the
path the number of right steps minus the number of up steps is larger than or
equal to

1 − m. Noting the one to one correspondence between (+1)'s and right
(−1)'s and up steps, it is clear that the path counting problem we

steps and

have introduced is equivalent to the string counting problem used to combinatorialy interpret the entries of Catalan's trapezoid of order
be concluded by showing that Eq.

m.

Our proof will

(202) is the answer to the path counting

problem presented above.

0 ≤ k < m. In this case paths cannot go above
y = x + m
−
1
, so every path is legitimate and the total number of

n+k
paths is
. Secondly, consider the case k > n + m − 1. In this case
k
all paths will end at a point which is positioned above the line y = x + m − 1,
thus yielding no legitimate paths. Thirdly, note that when m ≤ k ≤ n + m − 1
Firstly, consider the case

the line

90

Figure 20: An illustration of the reection principle (m

some paths will go above the line

= 3).

y = x + m − 1 (illegitimate paths) while others

will not (legitimate paths). Clearly, the number of legitimate paths is given by
the total number of paths minus the number of illegitimate paths. In order to
count the number of illegitimate paths we apply a reection principle.

(n, k) is illustrated
y = x + m at least once
P . The point P divides the

An illegitimate path connecting the origin with the point
in Figure 20. Every illegitimate path must hit the line
and we denote the rst (leftmost) hitting point by

illegitimate path into two segments. The path segment positioned to the left
of

P

connects it with the origin (the dashed blue segment in Figure 20). The

path segment positioned to the right of

P

connects it with the point

(n, k)

(the

solid magenta segment in Figure 20). Reecting the blue segment with respect
to a mirror plane placed along the line
that connects the point

(−m, m)

y = x + m results in a new path segment
P (the dashed red segment in

with the point

Figure 20). Concatenating the red segment with the magenta segment results

(−m, m) with the point (n, k)
(n, k) lies below the line y = x + m
hence every path that starts at (−m, m) and ends at (n, k) must cross this
at least once. Denoting the rst (leftmost) crossing point by P asserts a

in a semi-reected path that connects the point
via
and
line

P.

Since

k ≤ n + m − 1,

the point

one to one correspondence between illegitimate paths and paths that: (i) start
at

(−m, m);

(ii) are composed of

n+m

right steps and


number of illegitimate paths is thus given by


total number of paths is

n+k
k

n+k
k−m

k−m

.

up steps. The

In turn, since the


, we conclude that the number of legitimate
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paths is given by

7.3

n+k
k




−

n+k
k−m


.

A Generalized Ballot Problem

A begins the race
B (m = 1, 2, 3, · · · ), and collects n more votes
for a total of n + m − 1 to B 's k votes (n = 0, 1, 2, · · · ; k = 0, 1, 2, · · · ). What is
the probability that candidate A will not trail behind candidate B throughout
Consider a generalized ballot problem in which candidate

m−1

votes ahead of candidate

the entire count of votes?

We note in passing that an equivalent problem is

one in which the voting starts o with no head start, and the probability that
candidate

A will not trail behind candidate B ,

by more than

m − 1 votes,

is the

one of interest.
Catalan's trapezoids facilitate a solution to the above-mentioned generalization of the ballot problem. Indeed, this can be seen by shifting Figure 20's
path and reection line
to

(n + m − 1, k)

m−1

boundary line is now given by
mate from the stance of
with

A's

7.4

B 's

y =x+1

(−1, m).

(m − 1, 0)

The reecting

and its crossing deems a path illegiti-

tally exceeding

A's

at the point of reection (even

initial vote lead). It is thus clear that the solution to the problem is


precisely

units to the right, for a path from

and a semi-reected path starting at

Cm (n, k)/

n+k
k


.

Conclusions

In this chapter, we have introduced Catalan's trapezoids  a countable set
of number arrays which generalize Catalan's numbers and Catalan's triangle.
Catalan's trapezoids facilitate the solution to a generalized ballot problem but
the real motivation behind their development comes from the fact that they
are an essential tool in the combinatorial analysis of the ASIP. In the following
chapter, we will show that steady state occupation probabilities in the model can
be written in terms of entries taken from Catalan's trapezoids. The emergence
of these combinatorial quantities is of course not coincidental and, as we will
hereby show, can be traced back to a certain path counting problem that lurks
behind the scenes. To this end, it is extremely interesting to note that Catalan's
numbers  and the entries of Catalan's triangle (a.k.a ballot numbers)  are
also known to appear in the exact solution for the steady state probability
distribution of the ASEP where similar path counting problems arise [23, 80].
We are currently unaware of any previous appearances of Catalan's trapezoids
but hope that in similarity to Catalan's numbers they too will nd numerous
applications.
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8

Occupation Probabilities and Fluctuations

Even the simplest ASIPs  homogeneous ASIPs, in which gate opening rates do
not depend on the position along the lattice  were shown to display an intriguing showcase of complexity, including power law occupations statistics, diverse
forms of self-similarity, and a rich limiting behavior (see Chapter 4). However,
several of the aforementioned `complexity results' relied only on Monte-Carlo
studies, as an exact expression for the joint stationary probability distribution of
particle occupations is not known (see Chapter 5). Moreover, obtaining such an
expression is undoubtedly dicult as coalescence introduces strong correlations
between the occupations of dierent lattice sites.
The main goal of this chapter is to present an exact closed-form expression for the probability that a given number of particles occupies a given set of
consecutive lattice sites on an homogeneous ASIP lattice. These probabilities,
which we term the incremental load probabilities (to be dened precisely below), are marginals of the joint occupation distribution. Progress can be made
with their analysis by using the empty-interval method, a method which has
proven useful in the study of aggregation in closed systems [54, 55]. The actual
calculation of the probabilities in our open system is based on a combinatorial
analysis of the incremental load and on the solution of a boundary value problem
that governs its distribution. This approach yields exact, closed form, results
expressed in terms of the entries of Catalan's trapezoids  number arrays which
were introduced in Chapter 7.
The incremental load probabilities provide valuable information on the ASIP
steady state, and furnish an analytical proof for several of the numerical results
obtained in Chapter 4. In particular, we prove that: (i) the probability that the

k th

lattice site is non-empty decays like

of the

k th

√

lattice site grows like

k;

√
1/ k ; (ii) the variance of the occupancy

and (iii) the ASIP's outow is governed by

Rayleigh-distributed inter-exit times.
Before presenting the exact expression for the incremental load probabilities,
we follow a complementary approach which is based on mapping the original
problem onto its diusion limit counterpart. This approach shows that the incremental load probabilities in lattice segments that are far away downstream
have asymptotic scaling forms which we compute. Some of these scaling forms
were previously found in Ref. [56] using an alternative discrete approach. Here
we present a real-space analysis performed in a continuum limit. Our analysis
yields physical insight into the behavior of the model and allows us to derive
some new asymptotic scaling forms. More importantly, the diusion-limit approach reveals that the asymptotics of the incremental load probabilities are

universal, in the sense that they do not depend on the details of the process
which feeds particles into the ASIP lattice.
The chapter is organized as follows.

The main results of this chapter are

summarized in Section 8.1 where we also introduce the notion of incremental
load. In Section 8.2 the ASIP is described as a coagulation model and the emptyinterval method is adapted to its analysis. In Section 8.3 a continuum diusion
limit is carried out and asymptotic results are obtained; various implications
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of these results are discussed in Section 8.4.

Section 8.5 further deepens the

probabilistic analysis of the incremental load, and the associated boundaryvalue problem. In this section we obtain expressions for the incremental load
which may be eciently computed even for inhomogeneous ASIPs. In Section
8.6 we return to homogeneous systems, for which we solve the boundary value
problem and obtain a set of exact, closed form, results. Section 8.7 concludes
the chapter with an overview and future outlook.

8.1

A summary of key results

In this section we present a short summary of the key results to be established
in this chapter. Some of the results presented herein were previously observed in
numerical simulations (see Chapter 4). Here, we derive these results analytically
and considerably generalize them. In what follows we consider a homogeneous
ASIP with

µ1 = · · · = µn = µ,

and set

Xk

to be a random variable which

represents the uctuating number of particles present in site
state.

k

We open this section with a series of asymptotic (large

the distribution and moments of

Xk .

in the steady

k)

results for

The asymptotic results below all stem

from the main result of this chapter  an exact derivation of the steady-state
distribution of the ASIP's incremental load  with which we conclude this
section.

Occupation probabilities. The Monte Carlo simulations presented in Chapter
4 concluded that the probability that site

√
1/ k

(as

k → ∞).

k

is occupied,

Pr(Xk > 0), decays like

Here, we analytically prove that

1
Pr(Xk > 0) = 1 − Pr(Xk = 0) ' √
πk

,

where  ' denotes asymptotic equivalence to leading order in
obtain a scaling form for the probability that site

k

(203)

k.

is occupied by

We further

1lk

particles:

Pr(Xk = l) '
where

µ
φ
λk



µl
√
λ k


,

(204)

2
1
φ(u) = √ ue−u /4 .
4π

(205)

We note that the result of Eq. (203)  contrary to the result of Eq. (204) 
is universal in the sense that it does not depend on the arrival rate

λ.

In fact,

we show that this result is universal in a wider sense, and that Eq. (203) holds
for any particle arrival process (not necessarily Poissonian). A similar, although
slightly weaker, universality holds for the result in Eqs. (204)(205): while the
scaling variable

u

depends on the arrival rate, the scaling function (205) does

not depend on the details of the arrival process. The extent to which this claim
is correct is discussed, along with other universality related issues, in Section
8.3.
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Conditional mean occupancy. In Chapter 5 it was shown that in homogeneous ASIPs the mean occupancy of site

k

at steady state is given by

hXk i = λ/µ
(k

= 1, · · · , n).

(206)

Thus, combining the general result of Eq.

(206) with the

result of Eq. (203) we obtain that the conditional mean occupancy of site

k,

conditioned on the information that the site is not empty, is given by

hXk |Xk > 0i '

λ√
πk
µ

.

(207)

The power-law asymptotics of Eqs. (203) and (207) imply that the stationary
occupation of `downstream' sites (large

k)

exhibits large uctuations. On the

one hand, a downstream site is rarely occupied:

√
Pr(Xk > 0) ' 1/ πk .

On the

other hand, when a downstream site is occupied then its conditional mean is

√

dramatically larger than its mean  the former being of order
the latter being of order

O( k),

while

O (1).

Fluctuations. A square root
√ law of uctuation, in which the variance in the
occupancy of site

k

k , was numerically observed in Chapter 4.

grows like

Here

we prove that

4λ2
σ (Xk ) ' 2
µ

r

2

k
π

.

(208)

Equation (208) is obtained by substituting Eq. (204) into the second moment

hXk2 i =

∞
P

l2 Pr(Xk = l), approximating the second moment by a corresponding
l=1
2
2
integral, and noting that σ (Xk ) ' hXk i (as the mean hXk i is constant in k ).
Inter-exit times. Consider the times at which particle clusters exit site k ,
and let

Tk

denote the time elapsing between two such consecutive exit events at

steady state. Here we prove that the probability density of the scaled inter-exit
time

√
Tk / πk

is asymptotically governed by the Rayleigh distribution

PTk /√πk (t) '
(t > 0),


πt
exp −πt2 /4
2

(209)

as previously anticipated by Monte-Carlo simulations.

Incremental load.

The ASIP's overall load is the total number of parti-

cles present in the lattice at steady state. The steady state distribution of the
overall load was comprehensively analyzed in Chapter 5. Generalizing the concept of the overall load we consider a `lattice interval', contained within the

k and consists out of m consecutive sites:
{k, k + 1, · · · , k + m − 1} (k, m = 1, 2, 3, · · · ). The ASIP's incremental load
ASIP lattice, which starts at site

corresponding to this lattice interval at steady state is given by

L (k, m) =

k+m−1
X
i=k
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Xi

.

(210)

{k, . . . , k + m − 1} becomes empty if, and
k + m − 1 are empty and the particles
site k + m.

Figure 21: The non-empty interval

only if, all interval sites other than site
that occupy site

k+m−1

hop to

Clearly, the number of particles occupying site

L(1, n),

k , L(k, 1), and
L(k, m).

are both special cases of the incremental load

the overall load,
The main result

of this chapter is an exact closed-form expression for the distribution of the
incremental load


Pl (k, m) ≡ Pr L(k, m) = l ,
(l

= 0, 1, 2, · · · ).

(211)

This expression, presented in Eq. (261), is given in terms of

the entries of Catalan's trapezoids (see Chapter 7).

8.2

The ASIP as a coagulation model

As discussed in Chapter 3, coagulation models similar to the ASIP have been
analyzed successfully using the empty-interval method and its generalization to
non-empty intervals. In this method, one studies the steady state distribution
of the incremental load dened in Eq.

(210), and the time evolution of its

associated time-dependent counterpart

L (t; k, m) =

k+m−1
X

Xi (t)

,

(212)

i=k
where

Xi (t)

denotes the number of particles present in site

i

at time

t (t ≥ 0).

In this section we review the method and show how it is applied to the analysis
of the ASIP.
We begin with the probability that the lattice interval
is empty at time

{k, k+1, · · · , k+m−1}

t:

P0 (t; k, m) ≡ Pr L(t; k, m) = 0 .
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(213)

Figure 22: The empty interval
only if, site

k−1

{k, . . . , k + m − 1}

becomes non-empty if, and

is occupied and the particles that occupy it hop to site

k.

The empty-interval method is based on the fact that it is possible to write a
closed-form evolution equation for the probabilities

P0 (t; k, m)

as follows.

Consider a homogeneous ASIP. By rescaling time, the homogeneous gate
opening rate and the particle arrival rate can be normalized to

λ → λ/µ

µ → 1

and

correspondingly. Accordingly, from this point onward we will assume,

without loss of generality, that
gate opening rate.

For

k > 1

µ = 1 and that λ is measured in units of the
m > 1, the probability P0 (t; k, m) evolves

and

according to the equation

∂
∂t P0 (t; k, m)

= [P0 (t; k, m − 1) − P0 (t; k, m)]



− P0 (t; k, m) − P0 (t; k − 1, m + 1) .
The term

P0 (t; k, m − 1) − P0 (t; k, m)

(214)

appearing on the right-hand side of Eq.

{k, k +1, · · · , k +m−2} are empty and
k+m−1 is occupied, in which case the particle cluster at site k+m−1 might
hop (with rate 1) to site k + m and thus leave the interval {k, · · · , k + m − 1}
empty, as illustrated in Figure 21. Similarly, the term P0 (t; k, m) − P0 (t; k −
1, m+1) appearing on the right-hand side of Eq. (214) manifests the probability
that sites {k, k + 1, · · · , k + m − 1} are empty and site k − 1 is occupied, in which
case the particle cluster at site k − 1 might hop to site k (with rate 1), thus
rendering the interval {k, k+1, · · · , k+m−1} non-empty as illustrated in Figure

(214) manifests the probability that sites
site

22.
Eq. (214) remains valid for

m=1

and

k>1

provided that we impose the

boundary condition

P0 (t; k, 0) ≡ 1 ,

(215)

i.e., degenerate intervals (which contain no sites) are by convention always
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empty. For

k=1

and

m≥1

the evolution is given by

∂
P0 (t; 1, m) = [P0 (t; 1, m − 1) − P0 (t; 1, m)] − λP0 (t; 1, m) .
∂t
The term

P0 (t; 1, m − 1) − P0 (t; 1, m)

(216)

appearing on the right-hand side of Eq.

{1, 2, · · · , m−1} are empty and site m
m might hop (with rate 1) to
site m + 1 and thus leave the interval {1, · · · , m} empty. Also, P0 (t; 1, m) is the
probability that the interval {1, · · · , m} is empty, in which case a particle might
arrive to site 1 (with rate λ), thus rendering the interval {1, · · · , m} non-empty.
(216) manifests the probability that sites

is occupied, in which case the particle cluster at site

The empty-interval method can be generalized to capture the evolution of the
probability

m − 1}

Pl (t; k, m) that there are exactly l particles at sites {k, k +1, · · · , k +
t [55, 54]:

at time

Pl (t; k, m) ≡ Pr L(t; k, m) = l).
The empty-interval probabilities
with

l = 0.

(217)

P0 (t; k, m) are hence a special case of Pl (t; k, m)

The counterparts of Eqs. (214)(216) are as follows (see Appendices

8.8.1 and 8.8.2 for the derivations). For

k>1

and

m>1

the evolution is given

by

∂
∂t Pl (t; k, m)

=

h
i
+ Pl (t; k, m − 1) − 2Pl (t; k, m) + Pl (t; k, m + 1)
h

(218)

i

− Pl (t; k, m + 1) − Pl (t; k − 1, m + 1) .
Equation (218) remains valid for

m=1

and

k>1

provided that we impose the

boundary condition

Pl (t; k, 0) = δl,0 .

(219)

δl,0 is the Kronecker delta symbol. Note that, remarkably, Eqs. (218) for
Pl (t; k, m) do not couple dierent values of l. A coupling enters only through
the boundary condition Pl (t; 1, m) (m ≥ 1) whose time evolution is given by
where

∂
∂t Pl (t; 1, m)

=

h
i
+ Pl (t; 1, m − 1) − Pl (t; 1, m)

(220)

h
i
−λ Pl (t; 1, m) − Pl−1 (t; 1, m) .

Note that setting

l = 0

in Eqs.

(218)(220), while taking into account that

the probability to observe a negative number of particles is zero by denition,
indeed yields Eqs. (214)(216).
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8.3

Continuum limits of the steady-state equations

The main result of this chapter is an exact expression for the steady-state solution of Eqs. (214)(220). Before presenting and deriving this exact solution (see
Sections 8.5 and 8.6) we provide in the current section a derivation of the asymp-

k,

totic scaling forms that this solution attains for large values of
intervals located far away downstream.

i.e., for lattice

Some of the asymptotic results pre-

sented in this section have been obtained before in [56] using Laplace transform
methods. Here we present an alternative real-space derivation, which yields
new physical insight into the solutions and highlights their universal nature.
The asymptotic analysis of Eqs.

(214)(220) is based on the following

continuum-limit assumption: if the steady state probability
slowly as a function of the variables

k

and

m,

Pl (k, m)

changes

then this discrete function may

be approximated by one which is continuous both in

k

m. Thus, one can
Pl (k, m). In this con-

and

expand to leading order all terms in the equation around

tinuum limit, the discrete Laplacian in the rst square brackets of Eq. (218)
approximately equals a continuous Laplacian, and similarly the second square

∂
∂k Pl (k, m). Therefore, in the steady-state, where the
left-hand side of Eq. (218) vanishes, one nds that Pl (k, m) satises a diusion

brackets is approximately

equation where the site number

k

plays the role of time:

∂
∂2
Pl (k, m) =
Pl (k, m) .
∂k
∂m2

(221)

This continuum approximation will be shown a-posteriori to be valid when

k  m.
Equation (221) should be solved with the appropriate boundary conditions
in space (i.e., in
condition of Eq.
(k

= 1)

m)

and time (i.e., in

(221) is given in Eq.

k ).

(219),

The spatial (m

Pl (k, 0) = δl,0 .

= 0)

boundary

The temporal

initial condition is the steady state solution of Eq. (220), which was

found to be (see Section 5.6):


Pl (1, m) =


m 
l
1
l+m−1
λ
.
l
1+λ
1+λ

(222)

Before proceeding with the study of Eq. (221), let us discuss its relation with
the behavior of an ASIP on a ring. Unlike the open boundary ASIP on which
we focus, on a ring the steady-state behavior of the model is trivial: a single
occupied site circulates throughout the system uni-directionally. The relaxation
to this steady-state, however, has an interesting scaling form which has been
studied extensively in the context of coagulation models (see Chapter 3).

In

particular, it is known that in a spatially homogeneous ring, the probability to
nd

l

particles in an interval of

m sites evolves (in a continuum limit) according
k replaced by time. In other words, as

to the diusion equation (221) with

one progresses from left to right along a stationary open-boundary ASIP, the
probability to see empty or occupied intervals changes (in space) just like the
temporal evolution of the corresponding probability on a ring. This mapping
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between the two problems provides an interesting physical picture: it suggests
that the open-boundary ASIP can be thought of as a sort of a conveyor belt,
along which the coagulation reaction proceeds. A single steady-state snapshot
of the open-boundary ASIP is, in this sense, similar to the entire temporal
evolution of the coagulation model on a ring.
It is well known that the diusion equation on an innite line has, at times
which are large compared with (the square of ) the spatial extent of the initial
condition, a scaling form of a spreading Gaussian. Having arrived at the diffusion equation (221), it is not too surprising that a similar scaling solution is

k.

found for it at large

This solution, however, is not Gaussian, due to the

boundary condition (219) which is either a source at the origin when
sink when

l ≥ 1.

l=0

or a

In Subsections 8.3.1 and 8.3.2 below, we separately describe

and derive the scaling solutions for these two cases. A third, somewhat more
subtle, scaling solution is found when considering the joint limit of
In this case,

k

l∼

√

k  1.

is not large enough in comparison with the spatial extent of the

initial condition (222) in order for the usual scaling of the diusion equation
to apply. Nonetheless,
variable

√
l/ k .

Pl (k, m)

is found to have a universal scaling form in the

This scaling form is discussed in Subsection 8.3.3. The universal-

ity of the obtained scaling forms and the conditions under which the continuum
approximation is valid are discussed in Subsection 8.3.4.

8.3.1

The case of

l=0

As with the usual (probability conserving) diusion in its late stages, the large

k

solution of Eq. (221) is given by a scaling form. This form can be found by

substituting the ansatz

Pl (k, m) = k

−β


f

m
√
k


(223)

in Eq. (221), yielding the ordinary dierential equation

u 0
f (u) + βf (u) = 0
2
√
f (u), where u = m/ k is the
f 00 (u) +

for the scaling function

(224)

corresponding scaling

variable.

l = 0 (i.e., the probability to see empty intervals), the boundary
P0 (k, 0) = 1 implies that β = 0 and f (0) = 1. The solution of Eq.
(224) with this boundary condition is given by f (u) = 1 + C erf(u/2) where C is
√ ´x
an integration constant, and erf(x) ≡ 2/ π
exp(−y 2 )dy is the error function.
0
For large u this solution approaches 1 + C . Since lim P0 (k, m) → 0 (i.e., there
In the case of

condition

m→∞

is a vanishing probability that all sites from

C

must equal

−1,

k

onwards are empty), the constant

yielding the scaling solution

 m 
P0 (k, m) ' erfc √ ,
2 k
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f (u) = erfc(u/2),
(m  k)

i.e.,
(225)

where erfc is the complementary error function dened as erfc(x)

≡ 1 − erf(x).

Here and in the next two subsections we indicate in brackets the limiting regime
in which the obtained scaling solutions are valid. These are explained below in
Subsection 8.3.4.

8.3.2

The case of

1≤l

√

k

When l ≥ 1, Eq. (221) should be solved under the absorbing boundary condition
Pl (k, 0) = 0, which by use of Eq. (223) implies that f (0) = 0. The corresponding
solution of Eq. (224) is

f (u) = C u 1 F1 (β + 1/2; 3/2; −u2 /4),
where

C

(226)

is once again an integration constant and 1 F1 (a; b; z) is the Kummer

β and C can be determined
mPl (k, m)dm is conserved by the

hypergeometric function. The values of

Λ=

the fact that the quantity

´∞
0

by using
diusion

equation (221) with an absorbing boundary condition, i.e., it can be shown that

dΛ/dk = 0 [81].

The discrete counterpart of this conservation law, which results

from Eq. (218), states that

Λl ≡

∞
X

(m − 1)Pl (k, m)

(227)

m=1
is independent of

k

in the steady state. For the scaling solution given by the

combination of Eqs.

β = 1,

and we therefore nd that

√
C = Λl / 4π ,

for

[82]

i.e.,

Pl (k, m) ' √
The value of

√
´
Λl ' k 1−β uf (u)du = k 1−β 4πC,
2
which f (u) = Cu exp(−u /4)
, and

(223) and (226),

Λl

m2
Λl m
e− 4k
3/2
4πk

(1 ≤ l 

√

k; m  k).

(228)

is found from the initial condition (222) to be

Λl =

∞
X

(m − 1)Pl (1, m) = (l + 1)/λ2 .

(229)

m=1
To see this, note that up to a multiplication by
mass function of a sum of
mean

l+1

λ−1 , Eq.

(222) is the probability

independent geometric random variables with

λ−1 .

Note that the scaling form (228) is valid only in the asymptotic regime when

√

the diusive length

k

is much larger than the spatial spread of the initial

condition, which in our case is of the same order of
xed

l ≥ 1,

Λl .

In other words, for any

√

Eq. (228) is a good approximation at times where

√

the next subsection we examine what happens at times

k∼l

k  l.

large enough for the initial condition to be washed out by the diusion.

101

In

which are not

8.3.3
When

The case of

l∼

√

k

and

k

l∼

√

k

is not large enough for the diusion to reach its asymptotic

scaling regime, there seems to be no a-priori reason to expect a scaling solution to
Eq. (221). However, a closer inspection of the initial condition (222) reveals that
such a scaling solution does exist and, surprisingly, is also universal. We now
derive this scaling solution; its universality is discussed in the next subsection.
The key observation now is that the dependence on the number of particles

l

enters only through the initial condition of Eq. (222), which in the limit we

study, and as a function of

m,

is narrowly centered around

m ' l/λ.

This once

again follows from the fact that the initial condition of Eq. (222) is proportional
to the probability mass function of a sum of
variables with mean

λ−1 .

l +1 independent geometric random

Therefore, according to the central limit theorem, the

l → ∞, by a Gaussian
hmi = (l + 1)/λ ' l/λ. Recalling that the

distribution of this sum can be approximated, when
distribution whose mean is given by

√

standard deviation scales as

l,

and is therefore negligible with respect to the

mean, we can further approximate the Gaussian probability density function by
a Dirac

δ

function, i.e.,

Pl (1, m) ' λ−1 δ(m − l/λ).

(230)

The solution of the diusion equation (221) with an absorbing boundary at
the origin and the initial condition (230) is found (e.g., by the method of images
[83]) to be

Pl (k, m) '

√ 1
4πλ2 k

h

e−

(m−l/λ)2
4k

− e−

(m+l/λ)2
4k

i

(1  l  k; m  k).
Equation (231) is a joint scaling solution in the scaling variables

√
l/ k .

If one is further interested in the limit of

m  l,

(231)

√
m/ k

and

one may expand and

obtain to leading order a thermal dipole

Pl (k, m) ' √

l2
ml
e− 4λ2 k
2
3/2
4πλ k

(m  l  k).

(232)

Note that, as explained below, Eqs. (231) and (232) are valid not only at the

√

scale of

l∼

8.3.4

Remarks on the scaling solutions

k,

but in fact for all

1  l  k.

In this subsection we remark on the limits of validity of the scaling solutions
obtained above, and discuss their universality.
The validity of the scaling solutions obtained in the previous sections relies on
the continuum approximation of the exact (discrete) Eq. (218) by the continuous
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Eq. (221). A straightforward calculation shows that the solutions (225), (228),
(231), and (232) satisfy

Pl (k, m + 1) − Pl (k − 1, m + 1) =


 m l 
∂
.
Pl (k, m) 1 + O
,
∂k
k k

(233)

m-Laplacian. Therefore, the continuum approxim, l  k . Note in particular that the continuum limit
large, and thus the results are valid even for m = 1.

and similarly for the discrete
mation is valid as long as
does not require

m

to be

An important feature of the scaling solutions (225), (228), (231), and (232)
is their universality with respect to the details of the how particles arrive at the
rst site: while the arrival process dictates the distribution of
initial condition

Pl (1, m),

L(1, m),

i.e., the

the scaling solutions are rather insensitive to it. In

other words, one may say that the arrival process which feeds particles into the
ASIP conveyor belt does not aect the load statistics far away downstream.
As discussed shortly, universality breaks down for some exotic initial conditions
with fat tails, but is otherwise expected to hold for a rather large class of arrival
processes.
For the scaling solutions (225) and (228), the origin of universality is easily
understood from the diusion picture of Eq. (221): it is well known that solutions of the diusion equation converge at late times to scaling functions that are
independent of the initial condition (as long as the tail of the initial condition decays rapidly enough) [81]. We now note that

P0 (1, m) ≤ P0 (2, m − 1) ≤ 1/2m−1

for any arrival process, as can be clearly seen by considering a limiting scenario
in which the arrival process is such that the rst site is always occupied. Hence,
the initial condition

P0 (1, m)

decays (at least) exponentially fast in

m

and the

pathological case of heavy tails is excluded. As a result, Eq. (225) is not only independent of

λ

in the case of Poissonian arrivals but also completely insensitive

to nature of the arrival process altogether.
Equation (228) is also universal, except for the prefactor

Λl

given by Eq.

(229). This prefactor (and only it) depends on the details of the arrival process,
and is thus non universal. However, when

l  1 and for initial conditions which

can be approximated by Eq. (230) (see discussion shortly), the prefactor attains
the universal form

λ,

Λl ' l/λ2 .

This form still remembers the mean arrival rate

but is otherwise independent of the arrival process. Its dependence on

both mathematically unavoidable, due to the conservation of

Λl ,

λ

is

and physically

reasonable, as the mean number of particles per site in Eq. (206) depends on

λ.
Λl

The universality of Eq. (228) breaks down for fat-tailed

Pl (1, m)

for which

diverges.
The universality of Eqs. (231) and (232) has a somewhat more subtle ori-

gin.

As explained above, these scaling forms are valid even though

large enough to wash out the initial condition

√

exactly when the diusive length
k
P
m mPl (1, m) ∼ l. The validity of

Pl (1, m).

k

is not

Rather, they emerge

is of the order of the initial length scale
these scaling functions rests on the ap-

proximation in Eq. (230), which itself is a result of the central limit theorem.
Therefore, the scaling forms (231) and (232) hold whenever the arrival process is
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such that

L(1, m)

lends itself to one of the many extensions and generalizations

of the central limit theorem.

This universality is demonstrated by a specic

exactly-solvable example in Appendix 8.8.3.
The scaling forms (231) and (232) will hold even when the central limit theorem breaks down, and as long as the standard deviation in
with respect to its mean in the limit of
distribution of

L(1, m)

m → ∞.

L(1, m) is negligible

When this is the case, the

is sharply peaked around its mean thus asserting the

existence of an approximation of the type appearing in Eq. (230). The basin of
attraction for this type of behavior is very large. Indeed, for a general arrival
process, Little's law [9] asserts that

hL(1, m)i = λ̄m,

where

λ̄

is the eective

arrival rate (long term average of the number of particles arriving per unit time)
and

m

is the average time a particle spends in the system. On the other hand,

uctuations in

L(1, m) are only caused by arrivals to the rst site and departures

from the last site. And so, given the universality of Eq. (225), if the typical
uctuation due to an arrival event is nite and when m is large, uctuations in
L(1, m) will be dominated by
√ departure events. Hence, the standard deviation
m and, most importantly, negligible with respect
in L(1, m) will be of order
to the mean.

8.4

Implications of the inter-particle distribution function

In this section we use the results of Section 8.3 to derive the scaling properties
of the ASIP which were presented in Section 8.1.

Occupation probabilities. We begin by examining the probability that a site
is occupied.
in

k,

site,

Substituting

we recover Eq.

Pl (k, 1),

m = 1

(203).

in Eq.

m=1

is found by substituting

µ = 1,

have rescaled time such the

(225) and expanding to rst order

The occupation-number distribution of a single
in Eq. (232). Recalling that we

we recover the scaling form reported in Eqs.

(204) and (205). In fact, combining (228) with (232) we may write a uniform
approximation which is asymptotically exact for all

Pl (k, 1) ' √
where

Λl

is given in (229).

l≥1

in the limit of

l2
Λl
e− 4λ2 k ,
3/2
4πk

k  1:
(234)

An interesting picture emerges from the above-

mentioned results. Downstream sites with

k1

are mostly empty. However,

conditioned on being occupied, their occupation is typically of the order of

√

k

[see Eq.

(207)], and in fact its distribution has the scaling form of Eq.

(234). Below, in Section 8.6, we derive an exact expression for this occupation
probability which is correct even for small

k.

Inter-particle distance probability. Another quantity of interest is the interparticle distance probability

Q(k, m),

which is dened as the conditional prob-

ability that the next occupied site after site

k

itself is occupied.

Q(k, m). To do
(1 − P0 (k, 1)) Q(k, m) that

calculate

k

is site

k+m

given that site

The scaling solutions found in Section 8.3 allow us to
so, we rst examine the unconditional probability
sites

k

and

k+m
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are both occupied and the

m−1

sites in between the two are empty. This probability is given by

(1 − P0 (k, 1)) Q(k, m) = P0 (k + 1, m − 1)
− [P0 (k + 1, m) − P0 (k, m + 1)]

(235)

− [P0 (k, m) − P0 (k, m + 1)] − P0 (k, m + 1).
The rst term in Eq. (235) is the probability that sites
are empty.

{k + 1, · · · , k + m − 1}

From this probability one must subtract: (i) the probability that

k

these sites are empty, site

is occupied and site

k+m

is empty (the second

k
k + m is occupied (the third term, in square brackets); (iii)
that all m + 1 sites from k to k + m are empty (the last term).

term, in square brackets); (ii) the probability that these sites are empty, site
is empty and site
the probability

Rearranging and passing, as before, to a continuum limit yields

(1 − P0 (k, 1)) Q(k, m) =
+ [P0 (k, m + 1) − 2P0 (k, m) + P0 (k, m − 1)]
− [P0 (k + 1, m) − P0 (k, m) − P0 (k + 1, m − 1) + P0 (k, m − 1)]
'



∂2
∂m2

−

∂
∂m∂k



(236)

P0 (k, m)|k,m .

Substituting Eq. (225) we see that the

∂ 2 /∂m2

term dominates in the large

k

limit, and we obtain
2

where once again

ue−u /4
f 00 (u)
√ ,
=
Q(k, m) '
k (1 − P0 (k, 1))
2 k
√
f (u) = erfc(u/2) and u = m/ k .

(237)

Inter-exit times. For an ASIP in steady state let the random variable

Tk

denote the time elapsing between two consecutive time epochs at which particles
exit site
of

Tk

k.

Equation (237) allows us to evaluate the typical order of magnitude

in the limit of

k  1.

Indeed, given that site

k

is occupied, it will take (on

average) a single time unit for particles to hop out of it  resulting in a rst
exit event. On the other hand, we know that
that

k−m

Q(k − m, m)

is the probability

is the nearest occupied site in the upstream direction. The average

distance to the nearest occupied site is hence

Pk−1

m=1

mQ(k − m, m) '

√

√ ´k u2 e−u2 /4(1−u/√k)
√
√
k
du ' πk .
√
0

2

1−u/ k
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(238)

Thus,

1+

√

πk

sites on average are to be traversed at an average `speed' of one

site per unit time for the second exit event to occur.

When

k

is large,

Tk

is

clearly dominated by this traversal time. The error incurred by neglecting the
time awaited till the occurrence of the rst exit event is negligible and we may
safely conclude that

√
hTk i / πk ' 1.

We can further go on and compute the asymptotic distribution of the interexit time.

To see how, note that in the limit of

k  1,

the reasoning given

above asserts that the probability density of the random variable

Tk

may be

approximated by

P Tk (t) '
where

tm e−t /m!

k−1
X

tm e−t
Q(k − m, m)
m!
m=1

is the probability density for the traversal time of

(239)

m+1

sites.

In Appendix 8.8.4 we show that the sum in (239) can be evaluated using a
saddle point approximation to yield Eq. (209).

8.5

Incremental Load Analysis

The analysis conducted so far was based on a continuum limit approximation of
Eq. (218) at steady state. Using this approach we were able to analyze homogenous ASIPs and obtain an asymptotic solution for the probabilities
the limit

k  m, l.

Pl (k, m)

in

We now set forth to obtain an exact solution for this prob-

lem. In order to demonstrate the general applicability of the approach described
hereinafter we develop it in the context of general ASIPs (not necessarily homogeneous). Setting o from the stochastic law of motion of the incremental
load, we go on to derive the boundary value problem which governs its steady
state distribution. An algorithm for the solution of this problem is presented
along with iterative schemes for the computation of occupation probabilities and
factorial moments. In the next section we return to the case of homogeneous
ASIPs.

8.5.1

The Incremental Load

In this section we revisit the notion of incremental load, which generalizes the
notion of overall load.

In what follows we consider an innite lattice with

countably many sites, and analyze the ASIP's incremental load in detail. We
consider the lattice interval starting at site k and consisting of m sites  {k, k +
1, · · · , k + m − 1} (k, m = 1, 2, 3, · · · )  and remind the reader that the ASIP's
incremental loads L (k, m) and L (t; k, m) are given by Eqs. (210) and (212),
respectively.
Throughout this section we shall employ the natural boundary conditions

L (t; k, 0) = 0

and

L (k, 0) = 0. The Probability Generating Functions (PGFs)
L (k, m) and L (t; k, m) are given, respectively, by
D
E
G (z; k, m) = z L(k,m) ,
(240)

of the incremental loads
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Figure 23: During the time interval

(t, t + 4),

the incremental load

L (t; 1, m)

can change either due to the arrival of a particle to the rst site, or due to the
opening of gate

m.

and

(|z|

D
E
G (t, z; k, m) = z L(t;k,m) ,
≤ 1).

Note that the boundary conditions

L (t; k, 0) = 0

(241)
and

L (k, 0) = 0

imply, respectively, the following PGF boundary conditions:

G (z; k, 0) = 1
8.5.2

The Case of

and

G (t, z; k, 0) = 1.

(242)

k=1

In this subsection we analyze the special case of lattice intervals initiating at
the rst lattice site

k = 1.

This special case yields the overall load which was

analyzed in Chapter 5 via the ASIP's multidimensional PGF. Here we analyze
this special case via the method of incremental loads. This serves to illustrate

k > 1.
1 and consisting of m sites, and
t0 = t + ∆ (where ∆ → 0). During

the method which will later be used to derive new results for
Consider the lattice interval starting at site
observe its incremental load at times
the time interval

(t, t0 )

the incremental load.

t

and

exactly two events, illustrated in Figure 23, can change
One event is the arrival of a particle to the lattice 

in which case the arriving particle enters the rst site and hence

L (t; 1, m) + 1;

this event occurs with probability

λ∆ + o(∆).

The other event

m transit
m + 1 and hence L (t0 ; 1, m) = L (t; 1, m − 1); this event occurs with
probability µm ∆ + o(∆). Note that the boundary condition L (t; 1, 0) = 0

is the opening of gate

m

L (t0 ; 1, m) =

 in which case all particles present in site

to site

indeed ts in naturally. If neither of these two events take place  a scenario
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1 − (λ + µm ) ∆ + o(∆)  then the incremental load
L (t0 ; 1, m) = L (t; 1, m). Thus, the stochastic connection
0
incremental loads L (t; 1, m) and L (t ; 1, m) is given by

occurring with probability
is left unchanged:
between the

L (t0 ; 1, m) =

L (t; 1, m) + 1





L (t; 1, m − 1)





L (t; 1, m)

w.p.

λ∆ + o(∆)

w.p.

µm ∆ + o(∆)

w.p.

1 − (λ + µm ) ∆ + o(∆)

,
(243)
,
,

and we note that w.p. is used here as a short hand for the term with probability.

L (t; 1, m)

Shifting from the incremental loads

and

L (t0 ; 1, m)

to their re-

spective PGFs, Eq. (243) yields the following PGF dynamics

∂
∂t G (t, z; 1, m)

=
(244)

[λ (z − 1) − µm ] G (t, z; 1, m) + µm G (t, z; 1, m − 1)
The derivation of Eq.

(244) is given in Appendix 8.8.5.

.

At steady state the

time-dependence vanishes, and the dierential equation (244) reduces to the
steady-state equation

G (z; 1, m) =

µm
G (z; 1, m − 1)
µm + λ (1 − z)

A straightforward iterative solution of Eq.
condition

G (z; 1, 0) = 1,

.

(245)

(245), using the PGF boundary

yields the following explicit form for the PGF of the

incremental load at steady state

G (z; 1, m) =

m
Y
i=1

Note that the terms

λ/µi

1+

λ
µi

1
.
(1 − z)

(246)

appearing in Eq. (246) are the ratios of the particles'

inow rate to the gates' opening rates, as well as the mean occupancies at steady
state (λ/µi

= hXi i)

(see Chapter 5).

Eq. (246) has several important implications. Firstly, Eq. (246) implies that
at steady state the overall load

L (1, 1)

geometric distribution. Indeed, setting

of a single-site ASIP (n

m=1

the following geometric probability distribution:
(l

= 0, 1, 2 · · · ),

where

p1 = µ1 / (µ1 + λ).

L(1, m) =

follows a

Pr (L (1, 1) = l) = (1 − p1 )l p1

Secondly, the product-form structure

of Eq. (246) implies that at steady state the overall load
stochastic representation

= 1)

in Eq. (246) yields the PGF of

m
X
i=1
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Gi

,

L (1, m)

admits the

(247)

{G1 , · · · , Gm } is a sequence of independent geometrically-distributed ranPr (Gi = l) = (1 − pi )l pi (l = 0, 1, 2, · · · ), with pi = µi / (µi + λ)
(i = 1, · · · , m). The overall load L (1, m) is hence equal, in law, to the sum of
the overall loads of m independent single-site ASIPs with respective parameters
(λ, µ1 ) , · · · , (λ, µm ). Thus, the distribution of the overall load L (1, m) is given
where

dom variables:

by

Pl (1, m) = Pr (L (1, m) = l) =
m
Q

P
l1 ,··· ,lm

pi (1 − pi )li

(248)


δ (l −

P

i li )

i=1

,

P
δ function guarantees that i li = l. Thirdly, setting z = 0 in
l = 0 in Eq. (248)) yields the probability that the lattice interval

where the Dirac
Eq. (246) (or

{1, · · · , m}

is empty

P0 (1, m) = Pr (L (1, m) = 0) =
8.5.3

The Case

m
Y

µi
µ
+λ
i=1 i

.

(249)

k>1

In this subsection we analyze the general case of lattice intervals initiating at
an arbitrary lattice site

k > 1.

While the special case

k=1

could be analyzed

via the ASIP's joint PGF, an analogous analysis of the general case

k > 1

via this method is prohibitively hard. However, as we shall now demonstrate,
the analysis of the general case

k>1

is well attainable following an approach

parallel to the one applied in the previous subsection.

k (k > 1) and consisting of m
t and t0 = t + ∆ (where ∆ → 0).

Consider the lattice interval starting at site
sites, and observe its incremental load at times
During the time interval

(t, t0 )

exactly two events, illustrated in Figure 24, can

k − 1  in which
k and hence L (t0 ; k, m) =
probability µk−1 ∆ + o(∆). The other

change the incremental load. One event is the opening of gate
case all particles present in site

L (t; k − 1, m + 1);

k−1

transit to site

this event occurs with

k + m − 1  in which case all particles present in
k + m and hence L (t0 ; k, m) = L (t; k, m − 1); this
event occurs with probability µk+m−1 ∆+o(∆). As noted in Subsection 8.5.2, the
boundary condition L (t; k, 0) = 0 ts in naturally. If neither of these two events
take place  a scenario occurring with probability 1 − (µk−1 + µk+m−1 ) ∆ +
o(∆)  then the incremental load is left unchanged: L (t0 ; k, m) = L (t; k, m).
Thus, the stochastic connection between the incremental loads L (t; k, m) and
L (t0 ; k, m) is given by
event is the opening of gate

site

k+m−1

transit to site

L (t0 ; k, m) =

L (t; k − 1, m + 1)





L (t; k, m − 1)





L (t; k, m)

w.p.

µk−1 ∆

w.p.

µk+m−1 ∆

w.p.

1 − (µk−1 + µk+m−1 ) ∆

,
(250)
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,
.

Figure 24: During the time interval

(t, t + 4), the incremental load L (t; k, m)
k − 1 or due to the opening of gate

can change either due to the opening of gate

k + m − 1.

Shifting from the incremental loads

L (t; k, m)

and

L (t0 ; k, m)

to their re-

spective PGFs, Eq. (250) yields the following PGF dynamics

∂
∂t G (t, z; k, m)

= − (µk−1 + µk+m−1 ) G (t, z; k, m)
(251)

+µk−1 G (t, z; k − 1, m + 1) + µk+m−1 G (t, z; k, m − 1) .
The derivation of Eq.

(251) is given in Appendix 8.8.6.

At steady state the

time-dependence vanishes, and the dierential equation (251) reduces to the
steady-state equation

G (z; k, m) =

µk+m−1
µk−1 +µk+m−1 G (z; k, m

k−1
+ µk−1µ+µ
G (z; k − 1, m + 1)
k+m−1

− 1)
(252)

.

z , Eq. (252) denes a two-dimensional boundary value problem
G (z; k, m). The problem and an algorithm for its solution are illustrated in

For any xed
for

Figure 25.
Equation (252) can also be used to establish an explicit iterative scheme for
the computation of the PGF

G (z; k, m) in terms of the PGFs {G (z, k − 1, i)}i=2,...,m+1 .
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Figure 25: Top Panel: Equation (252) denes a boundary value problem for

G (z; k, m).

The PGF

G (z; k, m)

is determined by a weighted average of its

southern and northwestern neighbors in the positive quadrant of the
plane. The boundary PGFs

G (z; k, 0)

and

G (z; 1, m)

(k, m)

are given by Eqs. (242)

and (246) respectively. Bottom Panel: A three step algorithm can be used in
order to solve the boundary value problem for the PGF

G (z; k, m):

(i) start at

the left boundary and solve for the column that stands to its right; (ii) treat
the newly solved column as the new left boundary and iterate; (iii) stop at the

k th

column and obtain the desired solution.
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Specically:

G (z; k, m) = Π (k, m)
+Π (k, m)

(253)

Pm

µk−1
G(z;k−1,i+1)
,
i=1 µk−1 +µk+i−1
Π(k,i)

where

Π (k, m) =
and where the boundary condition

m
Y

µk+j−1
µ
+ µk+j−1
j=1 k−1

,

(254)

G (z; 1, m) is given by Eq.

(246). The deriva-

tion of Eq. (253) is given in Appendix 8.8.7.

8.5.4

Occupation Probabilities and Factorial Moments

Based on the incremental-load results established hitherto, in this subsection
we derive recursive equations for the occupation probabilities and the factorial
moments of the incremental loads. We begin with the occupation probabilities,
and then turn to the factorial moments.

G (z; k, m) the steady state probability of nding exactly
= 0, 1, 2, · · · ) in the interval {k, k + 1, · · · , k + m − 1} is given by

In terms of the PGF

l

particles (l

Pl (k, m) =

1 dl
G (z; k, m)
l! dz l

,

(255)

z=0

P0 (k, m) = G (0; k, m). Taking the lth derivative of Eq. (253) with respect
to the variable z , setting z = 0 and dividing by l!, Eq. (255) yields the following
with

recursion for the occupation probabilities

Pl (k , m) = Π (k, m) δl,0
(256)

+Π (k, m)

µk−1
Pl (k −1 ,i+1 )
.
i=1 µk−1 +µk+i−1
Π(k,i)

Pm

Equation (256), together with the boundary condition in Eq. (248), establishes
an explicit iterative scheme for the computation of the occupation probabilities

Pl (k , m)

in terms of the occupation probabilities

{Pl (k − 1, i)}i=2,··· ,m+1 .

Analogously, one can further derive recursive equations for the factorial mo-

L (k, m). In terms of the PGF G (z; k, m), the
Ml (k, m) (l = 1, 2, 3, · · · ) are given by
*l−1
+
Y
dl
G (z; k, m)
Ml (k, m) ≡
(L (k, m) − i) =
.
(257)
dz l
z=1
i=0

ments of the incremental load
factorial moments

Hence, taking the
setting

z = 1,

lth

derivative of Eq. (253) with respect to the variable

z

and

Eq. (257) yields the following recursive equation for the factorial

moments

Ml (k, m) =
Π (k, m)

Pm

µk−1
Ml (k−1,i+1)
.
i=1 µk−1 +µk+i−1
Π(k,i)
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(258)

Equation (258), together with the boundary condition

m
dl Y
dz l i=1 1 +

Ml (1, m) =

λ
µi

1
(1 − z)

(259)

z=1

establishes an explicit iterative scheme for the computation of the factorial mo-

{Ml (k − 1, i)}i=2,··· ,m+1 .

ments

Ml (k, m)

8.6

Incremental Load: Exact Results

in terms of the factorial moments

In this section we return to the analysis of homogeneous ASIPs and provide
exact results for the occupation probabilities, factorial moments, and PGF of
the incremental load
which

µ=1

and

λ

L(k, m).

In what follows we return to the convention by

is measured in units of the gate opening rate. The results

presented in Subsection 8.6.1 are expressed in terms of the entries of Catalan's
trapezoids

Cm (n, k)

(see Chapter 7). Detailed proofs and derivations are given

in Subsection 8.6.2.

8.6.1

Occupation Probabilities and Factorial Moments

L (1, m). Substituting pi → 1/(1 + λ) in Eq.
Pl (1, m) given by Eq. (222). Similarly, substi-

We start with the incremental load
(248) we obtain the probabilities
tuting

λ/µi → λ

in Eq. (259) we obtain the corresponding factorial moments

Ml (1, m) =

(m + l − 1)! l
λ .
(m − 1)!

We now turn to the incremental load
we show that the occupation probabilities

Pl (k , m) = δl,0

(260)

L(k, m), with k > 1. In what follows
Pl (k, m) (l = 0, 1, 2, · · · ) are given by

k
P
C1 (k+m−j−1,k−j)
j=2

22k+m−2j

(261)

+

Pk+m−1
j=2

and that the factorial moments

Ml (k, m) =

Cm (k−2,m+k−1−j)Pl (1,j)
22k+m−2−j

Ml (k, m) (l = 1, 2, · · · )

Pk+m−1
j=2

.

are given by

Cm (k−2,m+k−1−j)Ml (1,j)
22k+m−2−j

.

(262)

We note that the sums in Eqs. (261262) contain a nite number of explicitly
known summands and can thus be used for exact and ecient calculation of

Pl (k, m) and Ml (k, m). Moreover, in the case of single-site lattice intervals
= 1) the sums in Eqs. (261262) can be computed (given Eqs. (222) and

(m

(260), and by use of any standard computer algebra software) to be expressed
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in terms of standard functions. Specically, the probability distribution and the
factorial moments of the random variable


Pl (k , 1) = δl,0 1 −

Γ(k−1/2)
√
πΓ(k)

Xk


are given by

(263)



l

2
√
× 2 F1 2 − k, 2 + l, 4 − 2k; 1+λ
+ 2(1+l)Γ(k−3/2)λ
πΓ(k)(1+λ)2+l
and

Ml (k, 1) =
where

2l λl Γ(1+l/2)Γ(k+l/2−1/2)
√
πΓ(k)



,

,

(264)

Γ(x) and 2 F1 (a, b, c; x) are the Gamma function and hypergeometric funck , an asymptotic analysis of the exact expressions

tion, respectively. For large

(261) and (263), yields the asymptotic results of Section 8.3. The details of this
asymptotic analysis are sketched in Appendix 8.8.8.

8.6.2

The probability generating function

In this subsection we derive an expression for the probability generating function

G (z; k, m) and prove the validity of Eqs. (261) and (262). Substituting λ/µi →
λ in Eq. (246) we see that the probability generating function of the incremental
load L (1, m) is given by

m
1
G (z; 1, m) =
.
(265)
1 + λ (1 − z)
We now turn to derive an expression for

G (z; k, m)

in the case of

k > 1.

Our

derivation is based on an insightful probabilistic interpenetration of the boundary value problem that appears in Eq.

(252) and the main idea behind it is

illustrated in Figure 26. An alternative derivation which is algebraic in nature
is given in Appendix 8.8.9.
The rst step in our derivation is to note that Eq. (252) is linear with respect
to the PGFs that compose it. It follows that

G (z; k, m) can be expressed as a
G (z; 1, m) and G (z; k, 0).

weighted sum over known boundary PGFs of the type

Iterating Eq. (252) in an attempt to nd the contribution of a specic boundary

G (z; k, m), we consider a path in the rst quadrant
(k, m) plane that: (i) is composed out of steps in the south (↓) and
northwest (-) directions only; (ii) connects the point (k, m) with a specic
0
0
boundary point (k , m ) whose position is associated with the last two arguments

PGF to the unknown PGF
of the

of the boundary PGF whose contribution we are trying to assess; (iii) does not
pass through any other boundary point. A path that complies with the abovementioned conditions will henceforth be named a legitimate path.
The number of northwest steps in a legitimate path is given by
number of south steps is given by
is given by

2k − 2k 0 + m − m0 .

0

0

k−k +m−m

k − k0 ,

the

and the total number of steps

Since we are dealing with a homogeneous ASIP,
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Figure 26: Expressing

G (z; k, m) as a weighted sum over known boundary func-

tions. All boundary functions must be properly weighted and taken into account.
The weight of each boundary function is given by the number of legitimate paths
leading to it, multiplied by

1/2

raised to the power of the path length. Paths

are made out of south (↓) and northwest (-) steps only and must not pass
through another boundary function except the one lying at the end of the path.
Some boundary functions can be reached via several dierent paths while others cannot be reached at all (the latter are discarded in the computation of the
sum).

Eq. (252) asserts that each step in the path contributes a multiplicative factor

1/2. The contribution due to a single legitimate path connecting the
2k−2k0 +m−m0
(k, m) and (k 0 , m0 ) is hence (1/2)
G (z; k 0 , m0 ). Taking into

of exactly
points

account all possible legitimate paths and summing over all boundary points we
have

[#(k, m, k 0 , m0 )

P

G (z; k, m) =

(k0 ,m0 )∈boundary
(266)

(1/2)
where
end at

#(k, m, k 0 , m0 )
(k 0 , m0 ).

2k−2k0 +m−m0

i
G (z; k , m ) ,
0

0

is the number of legitimate paths that start at

(k, m)

and

In order to proceed we consider a random walker that chooses, with equal
probability at each step, between a south (↓) and northwest step (-). Assume
that the random walker starts its walk at the point

(k, m)

be the probability that the random walker hits the boundary
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k,m 0
Phit
(k , m0 )
0
0
point (k , m )

and let

before it hits any other boundary point. From this denition it readily follows
that

k,m 0
Phit
(k , m0 ) = #(k, m, k 0 , m0 ) · (1/2)

2k−2k0 +m−m0

.

(267)

 2k+m−2j
1
C1 (k + m − j − 1, k − j)
2

(268)

We will now show that

k,m
Phit
(j, 0) =
(m

(m

= 1, 2, · · · ;k = 2, 3, · · · ;j = 2, 3, · · · , k ), and that
 2k+m−2−j
1
k,m
Phit (1, j) =
Cm (k − 2, m + k − 1 − j)
2

(269)

= 1, 2, · · · ;k = 2, 3, · · · ;j = 2, 3, · · · , k + m − 1).
In every legitimate path connecting the point

= 2, 3, · · · , k ) the last
steps  k − j northwest
(j

(k, m)

with the point

(j, 0)

step is always directed to the south. The remaining

k − j + m − 1 south  must be ordered into a
(k, m) to the point (j, 1) without hitting the south
boundary rst. Similarly, in every legitimate path connecting the point (k, m)
with the point (1, j) (j = 2, 3, · · · , k + m − 1) the last step is always directed
to the northwest. The remaining steps  k − 2 northwest and k − 1 + m − j
south  must be ordered into a path that connects the point (k, m) to the point
(2, j − 1) without hitting the south boundary rst. Recalling the combinatorial
interpretation of Cm (n, k) one can easily convince himself that #(k, m, j, 0) =
Cm (k−j, k−j+m−1) and #(k, m, 1, j) = Cm (k−2, k−1+m−j). Equation (269)
and

path that connects the point

now follows immediately from Eq. (267). Equation (268) follows from Eq. (267)
by use of the diagonal identity

Cm (k−j, k+m−j −1) = C1 (k+m−j −1, k−j).
m coincides with the

That is, the main diagonal of Catalan's trapezoid of order

mth

diagonal of Catalan's triangle. This identity is easily veried by use of Eqs.

(199) and (202).
The PGF of the incremental load

L(k, m)

can now be obtained by substi-

tuting Eq. (267) into Eq. (266), omitting terms for which

#(k, m, k 0 , m0 ) = 0,

and utilizing Eqs. (268)-(269) to get

G (z; k, m) =

k
P

k,m
G (z; j, 0) · Phit
(j, 0)

j=2

+
Taking the

lth

Pk+m−1
j=2

(270)

k,m
G (z; 1, j) · Phit
(1, j) .

derivative of Eq. (270) with respect to the variable

z = 1, Eq. (262) follows by use of Eq. (257)
P0 (j, 0) = 1. Substituting Eqs. (268)-(269) into
G (z; k, m) =

k
P

G (z; j, 0)

j=2


1 2k+m−2j
2

and the fact that

z and setting
G (z; j, 0) =

Eq. (270) we conclude that

C1 (k + m − j − 1, k − j)
(271)

+

Pk+m−1
j=2

G (z; 1, j)


1 2k+m−2−j
2

Cm (k − 2, m + k − 1 − j) .
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The occupation probabilities in Eq. (261) can then be read o from Eq. (271)
after substituting

G (z; j, 0) = 1

and

G (z; 1, j) =

∞
P

Pl (1, j)z l

.

l=0

8.7

Conclusions and Outlook

In this chapter we studied incremental load probabilities in the ASIP model,
analyzed their asymptotic behavior and discussed their implications. Introducing the notion of incremental load, and analyzing it via two complementary
approaches  a continuum diusion-limit approach, and an exact probabilisticcombinatorial approach  we analytically derived expressions for the occupation probabilities of the ASIP's lattice intervals, their corresponding factorial
moments, and for the probability distribution of the ASIP's inter-exit time.
Spanning both exact results and asymptotic behaviors, the analysis presented
herein joins the one in previous chapters to provide the most comprehensive
description of the ASIP's steady-state statistics to date.
Looking into the future, this thesis can be viewed as part of a long term
goal  the elucidation of the ASIP's steady state distribution in full detail. As
an intermediate step, it is natural to turn to the study of correlations between
the occupations of several disjoint intervals.

The empty interval method was

employed to the study of correlations for ASIPs on a ring [55], and may thus also
prove useful for open boundary ASIPs. This question is especially interesting
in light of the picture discussed above of an open ASIP as a `conveyor belt': if a
single snapshot of an open boundary ASIP is similar to the temporal evolution
of the ASIP on a ring, it would be interesting to examine the relation between
two-point correlation functions in the former and two-time correlation functions
in the latter.
Other interesting questions remain open, many of which are related to the
concept of universality.

To this end, it would be very interesting to examine

the robustness, and inevitable collapse, of our results with respect to a large
range of perturbations. For example, it would be interesting to further consider
the eect of non-homogeneous hopping rates on cluster formation and delineate
the conditions under which non-homogeneity is asymptotically averaged out.
While some progress in this direction has already been made in Chapter 6,
much remains to be done. Modifying the ASIP a bit, one may ask how does
a dependence of the hopping rate on cluster size aect the observed statistics?
Another question is what happens when particles arrive to sites other than the
rst? Finally, the analysis of a generalized ASIP in which hopping times are nonexponential would be both interesting and undoubtedly extremely challenging
as it will inevitably require dierent methods than the ones applied herein.
Before nishing, we wish to take a step back and reexamine the big picture.

The ASEP, TJN (asymmetric ZRP) and ASIP are distinct models for

unidirectional transport and each of them has already attracted a considerable
amount of interest in its own right. On the other hand, the three models are
tightly linked as the gate/site capacity parametrization introduced in Chpater
3 revealed that they are all special instances of the same generalized model and
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are furthermore unique limiting cases of it.

Joined together, they portray a

panoramic view which spans the broad spectrum of extremities displayed by
unidirectional transport.
Detailed analysis of limiting behavior has proven instrumental in shaping
our understanding and feel for many physical systems. Indeed, much can be
learned by comparing and contrasting quantitative, and perhaps even more importantly qualitative, behavioral features under various limiting regimes. It is
for this very reason that a comparative study, aimed at providing a bird's-eye
view on unidirectional transport, is timely now more than ever. While in depth
discussion along these lines is clearly beyond the scope of this manuscript, some
words are still in place. As mentioned above, when exclusion and coagulation
are both absent (viz. TJN), site occupancies are statistically independent from
one another and the joint probability distribution is characterized by a product
form. Moreover, marginal probability distributions are insensitive to the relative position of a site along the lattice and depend only on the inow and gate
opening rates [7, 8, 11, 12]. Interestingly, both exclusion and coagulation ruin
these nice properties by inducing spatial correlations and positional dependencies. The nal outcome is however markedly dierent.
In the ASEP, even mean occupancies are sensitive to the location of a site
along the lattice [23] but the occupancy prole itself can be captured by a mean
eld approximation that completely neglects spatial correlations. Situation is
dierent in the ASIP where mean occupancies do not reveal any positional dependencies  even when calculated exactly [1]. Transiently high occupancies
magically average out with low, keeping the mean occupancy at (in homogenous ASIPs) and the underlying turmoil hidden.

Huge, position dependent,

uctuations are a hallmark of the ASIP and are not seen in the ASEP or TJN.
Their emergence can only be understood in light of spatial correlations and their
existence dooms any mean-based description profoundly incomplete. So dierent in nature, one can only wonder how is it possible for the ASEP, TJN and
ASIP to be complementary faces of the exact same phenomenon. Fragmented
for way too long, unidirectional transport awaits unication.
In the following chapter, we will digress from the main theme of this thesis and discuss the computational modeling of gene translation  a biological
process which provides a naturally occurring example for a TSS.
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8.8

8.8.1

Appendix

Derivation of Eq. (218)

In this Appendix we present the derivation of Eq. (218). To do so, we dene
two auxiliary probability functions


P̂lleft (t; k, m) ≡ Pr L(t; k, m) = l

and


P̂lright (t; k, m) ≡ Pr L(t; k, m) = l
These are the probabilities that sites


Xk−1 (t) = 0

and


Xk+m (t) = 0 .

{k, · · · , k + m − 1}

(272)

are occupied by

l

particles, and the site immediately to their left/right is empty. Next, note that

{k−1, · · · , k+m−1} support l particles and site k−1 is
Pl (t; k − 1, m + 1)−P̂lleft (t; k, m). Similarly, the probability
that sites {k, · · · , k +m−2} support l particles and site k +m−1 is not empty is
right (t; k, m − 1). Although the auxiliary probabilities
exactly Pl (t; k, m − 1) − P̂l
are needed in order to write down the equation of motion for Pl (t; k, m),


∂
left (t; k, m)
P
(t;
k,
m)
=
P
(t;
k
−
1,
m
+
1)
−
P̂
l
l
l
∂t

the probability that sites

not empty is exactly



+ Pl (t; k, m − 1) − P̂lright (t; k, m − 1)
(273)



− Pl (t; k, m) − P̂lleft (t; k, m)


− Pl (t; k, m) − P̂lright (t; k, m − 1) ,
they cancel out in Eq. (273) and Eq. (218) readily follows.

8.8.2

Derivation of Eq. (220)

The derivation of Eq.

(220) is similar to the derivation of Eq.

(218) albeit

replacing terms corresponding to the entry of particles into the interval from
the left (rst and third lines of the right hand side of Eq.

(273)) with terms

corresponding to the arrival of a particle to the rst site. The resulting equation
is

∂
∂t Pl (t; 1, m)

= λPl−1 (t; 1, m) − λPl (t; 1, m)



+ Pl (t; 1, m − 1) − P̂lright (t; 1, m − 1)

− Pl (t; 1, m) − P̂lright (t; 1, m − 1) .
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(274)

Once again, the auxiliary probabilities cancel out, yielding Eq. (220).

8.8.3

Universality of Eqs. (231) and (232): an explicit example

In this Appendix we demonstrate how the asymptotic scaling forms (231) and
(232) emerge for an explicit example of an ASIP with a generalized arrival
process. As explained in Section 8.3.4, the universality is a result of the central

L(1, k),

limit theorem for the distribution of

which leads to Eq.

(230).

The

scaling forms are obtained by showing, for the specic example considered below,
that the central limit theorem applies. We also present a formal argument that
heuristically explains why the central limit theorem is expected to apply for a
much larger class of arrival processes.
Consider an ASIP in which particles may enter the rst site not only one by
one, but also in batches of

n

n = 1, 2, 3, 4, . . .

particles. The arrival of a batch of

particles is assumed to be a Poisson process with rate

λn .

The occupation of

the rst site thus increases according to the rule

λ

n
X1 , X2 , · · · −−→
X1 + n, X2 , · · · ,

(275)

and otherwise the ASIP dynamics remains unchanged. The goal of the current
calculation is to nd the initial condition

Pl (1, m)

that is generated by this

arrival process, and to analyze the conditions under which the central limit
theorem leads to the approximation (230).
The equation equivalent to (220) for this generalized ASIP is

∂
∂t Pl (t; 1, m)

−

Multiplying by

zl

h
i
= Pl (t; 1, m − 1) − Pl (t; 1, m)

h
i
λ
P
(t;
1,
m)
−
P
(t;
1,
m)
.
l
l−n
n=1 n

P∞

and summing over

l

(276)

leads, in the steady state, to

G(z; 1, m − 1) − G(z; 1, m) =
[fλ (1) − fλ (z)]G(z; 1, m),
where

fλ (z)

is the generating function for

fλ (z) ≡

∞
X

(277)

λn :
λn z n .

(278)

n=1
Iterating (277) and using

G(z; 1, 0) = 1

yields

G(z; 1, m) = [1 + fλ (1) − fλ (z)]−m .
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(279)

One observes that the distribution of

L(1, m)

has a product form and is equal

to the distribution of a sum of i.i.d. random variable whose generating function
is

g(z) ≡ [1 + fλ (1) − fλ (z)]−1 ,

(280)

compare with Eq. (265). The central limit theorem for this sum applies when the

g 0 (1), g 00 (1) < ∞.
g 00 (1) = 2f 00 (1) + [f 0 (1)]2 . Thus, as
m1

mean and variance of these i.i.d. variables is nite, i.e., when

g 0 (1) = f 0 (1)

It is easy to verify that
long as

P

n

n2 λn < ∞,

where we have

and

one obtains for

Pl (1, m) ∼ δ(l − mhλi) = hλi−1 δ(m − l/hλi),
P
dened hλi ≡
n nλn .

(281)

Let us now motivate in a heuristic fashion why the central limit theorem is
expected to hold for a much larger class of arrival processes. Assume that the
arrival process is such that Eq. (277) is replaced by

G(z; 1, m − 1) − G(z; 1, m) = A(z)G(z; 1, m),

(282)

A(z) is a formal notation for the operator associated with the arrival proG(z; 1, m) = [1+ A(z)]−m [compare
−1
with Eq. (279)]. If the operator [1+A(z)]
is characterized by a non-vanishing

where

cess. The formal solution of this equation is

spectral gap, i.e., there is a nite dierence between its largest and second-largest

G(z; 1, m) ∼ gmax (z)m ,
−1
where gmax (z) denotes the largest eigenvalue of [1+A(z)]
for some xed value
of z . If, in addition, gmax (z) is the PGF of a random variable with nite variance, a central limit theorem holds for L(1, m) and an approximation of the

eigenvalues, then when

m→∞

one has asymptotically

form (230) is valid.

8.8.4

Saddle point evaluation of Eq. (239)

In this section we show how Eq.

(209) follows by applying a saddle point

approximation (also known as Laplace's method) to the sum in Eq.
the limit

k → ∞.

(239) in

The rst step is to apply Stirling's approximation to the

probability density of the traversal time

e−t+m log(t/m)+m
tm e−t
√
'
.
m!
2πm

(283)

Next, we substitute Eqs. (283) and (237) into Eq. (239) to obtain

P Tk (t) '
Setting

√
u = m/ k

k−1
X

2

e−t+m log(t/m)+m me−m /4(k−m)
√
.
2(k − m)
2πm
m=1

(284)

we rewrite (284) as

P Tk (t) '

X e−t+u

√

√
√
k log(t/u k)+u k

p
u

√
2πu k
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√

2
ue−u /4(1−u/ k)
√
,
2( k − u)

(285)

where the sum runs over values
observe that

u = k −1/2 , 2k −1/2 , · · · , k 1/2 − k −1/2 .

We now

√
X
√
k 1/4 u1/2
√
√
PTk ( kt) '
e kf (u)
8π(k − ku)
u

with

(286)

√
f (u) ≡ u log(t/u) + u − t − u2 /(4 k − 4u) .

For large

k,

the sum in Eq.

(287)

(286) may be approximated by an integral,

which can be evaluated using a saddle point approximation. We thus search for
a saddle point

u∗

for which

f 0 (u∗) = 0

and nd it to be

√
u∗ = t − t2 /2 k + O(k −1 ) ,
√ 0 ∗
∗
(u is computed to leading order in k such that lim
kf (u ) = 0).

(288)

Evaluating
k→∞
the integral approximation of the sum in Eq. (286) to leading order, we nd

√
´ √k
PTk ( kt) ' 0
2

=

/4
te−t
√
2 k

√
3/4 1/2
u√
√k
e kf (u) du
8π(k− ku)
(289)

+ O(k −1 ) .

We now observe that the probability density function of the normalized interexit time

√
Tk / πk

is related to the probability density function of

following way

PTk /√πk (t) =

√

√
πkPTk ( πkt) .

Tk

in the
(290)

Equation (209) follows immediately.

8.8.5

Derivation of Eq. (244)

Conditioning on the occupancy vector

X(t) and utilizing the Markovian dynam-

ics of Eq. (243) we have

D
E DD
EE
0
0
z L(t ;1,m) =
z L(t ;1,m) |X(t)

(λ∆) z L(t;1,m)+1




+




 (µm ∆) z L(t;1,m−1)
=
+



(1 − (λ + µm ) ∆) z L(t;1,m)




+


o(∆) .

(291)

Equation (244) is obtained after rearranging terms in Eq. (291), dividing by
taking

∆→0

and using the PGF notation of Eq. (240).
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∆,

8.8.6

Derivation of Eq. (251)

Conditioning on the occupancy vector

X(t) and utilizing the Markovian dynam-

ics of Eq. (250) we have

D
E DD
EE
0
0
z L(t ;k,m) =
z L(t ;k,m) |X(t)

(µk−1 ∆) z L(t;k−1,m+1)




+




 (µk+m−1 ∆) z L(t;k,m−1)
=
+



(1 − (µk−1 + µk+m−1 )∆) z L(t;k,l)




+


o(∆) .

(292)

Equation (251) is obtained after rearranging terms in Eq. (292), dividing by
taking

8.8.7

∆→0

∆,

and using the PGF notation of Eq. (240).

Derivation of Eq. (253)

We prove Eq. (253) by showing that the probability generating function

G (z; k, m)

it denes satises Eq. (252). To this end we apply mathematical induction on
the index

k.

We start by showing that Eq.

arbitrary value of

m.

Indeed, for

k=2

(253) holds for

k = 2

and an

Eq. (253) reads

G (z; 2, m) = Π (2, m)
(293)

+Π (2, m)

Pm

G(z;1,j+1)
µ1
j=1 µ1 +µ1+j
Π(2,j)

.

Substituting Eq. (293) into Eq. (252) and utilizing Eq. (246) we have


Pm
Π (2, m) 1 + j=1

µ1
µ1 +µ1+j

µi
i=1 µi +λ(1−z)

Qj+1

Π(2,j)


Pm−1
1+m
+ µ1µ+µ
Π
(2,
m
−
1)
1 + j=1
1+m

µ1
+ µ1 +µ
1+m

µj
j=1 µj +λ(1−z)

Qm+1



µ1
µ1 +µ1+j

?

=
µi
i=1 µi +λ(1−z)

Qj+1



Π(2,j)

(294)

.

Canceling matching terms on both sides of Eq. (294) gives the trivial identity

0=0

and proves our claim.

We nish the proof by showing that if Eq. (253) holds for

k+1

as well. Indeed, replacing

k

by

k+1

(253) into Eq. (252) and obtain
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k≥2

it holds for

in Eqs. (252-253) we substitute Eq.


Pm
Π (k + 1, m) 1 + j=1

G(z;k,j+1)
µk
µk +µk+j Π(k+1,j)


Pm−1
1 + j=1
+ µk+mµkΠ(k+1,m−1)
+µk+m

Pm+1
+ µµk Π(k,m+1)
1 + j=1
k +µk+m



?

=

G(z;k,j+1)
µk
µk +µk+j Π(k+1,j)

(295)



µk−1
G(z;k−1,j+1)
µk−1 +µk+j−1
Π(k,j)



.

Canceling matching terms on both sides gives

G (z; k, m + 1) =
(296)



Π (k, m + 1) 1 +

Pm+1

which coincides with Eq. (253) for

8.8.8

µk−1
G(z;k−1,j+1)
j=1 µk−1 +µk+j−1
Π(k,j)

G (z; k, m + 1)



and concludes our proof.

Asymptotic analysis of Equation (261)

In this Appendix we sketch the asymptotic analysis of the exact expression for
the occupation probabilities (261) and show how the results of Section 8.3, and
in particular Eqs. (203), (228)(229), and (232) can be obtained from it. We
concentrate here solely on the case of

m

m = 1;

the calculation for other values of

is similar but somewhat more lengthy.
For the case

m = 1,

the sum in (261) can be rewritten, by substituting the

denition (202) and the initial condition (222), as

P0 (k, 1) =

k−2
X
i=0

for

l = 0,


2i + 1
1
2−(2i+1) +
i
2i + 1
k−2
X k − 1 + i  k − 1 − i
+
2−(k−1+i) (1 + λ)−(k−i)
i
k
−
1
+
i
i=0

while for

l≥1

(297)

it has the form

Pl (k, 1) = S(2, k),

(298)

where we dene

S(j1 , j2 ) ≡



j2
 λ l X
j−1
2k − j − 1
×
1 + λ j=j 2k − j − 1
k−1
1


l + j − 1 −(2k−j−1)
×
2
(1 + λ)−j .
l

To obtain these relations we have used the binomial identity

n−2k n
n
k .



124

(299)

n−1
k



−

n
k



=

k . The rst
√ sum can be
√
1 − Γ(k − 1/2)/ πΓ(k) ' 1 − 1/ πk . The main
contribution to the second sum is from values of i which are close to k . It can be
shown, by expanding the summand for k  k − i, that the second sum decays
−3/2
to zero as k
and is therefore negligible compared to the rst. We thus arrive
We rst evaluate the sums in Eq. (297) for large

calculated exactly, and equals

at Eq. (203).
We now move on to the asymptotic evaluation of (298)(299) for large
The main contribution to the sum, as shown below, is from values of
are close to

√

l=x k

l.

Therefore, two cases are treated separately: (i)

x =√O(1).
l  k . In this

l

√

k,

j

k.

which

and (ii)

with

Case (i),
imation

−(2k−j−1)

2

case, the sum is evaluated using Stirling's approx-


 s
2k − j − 1
2k − j − 1
'
e−f1 (k) ,
k−1
2π(k − j)(k − 1)

(300)

with

k−1
k−j
+ (k − j) log
2k − j − 1
2k − j − 1
 j i
j2 h
1+O
.
=
4k
k

f1 (k) = (k − 1) log

The term

f1

(301)

(302)

in the exponent yields a signicant contribution to the summand

√
j  k it is
negligible. Accordingly, we split the sum in (298) into two: Pl (k, 1) = S(2, N ) +
S(N + 1, k), the rst running over j = 2, . . . , N , and the second over j =
N + 1, . . . k . Here N = N (k) is chosen in such a way that l  N  k . The rst
only for values of

j

√

which are comparable with

k,

while for

of these sums may be approximated using (300) as



N
 λ l X
j−1
l+j−1
√
S(2, N ) '
(1 + λ)−j .
1 + λ j=2 4πk 3/2
l
Since

(303)

N  1 and the summand decays exponentially with j , replacing the upper
∞ results in a negligible error. The sum can now

boundary in the last sum by

be computed exactly, and yields

S(2, N ) ' √

l+1
.
4πλ2 k 3/2

(304)

N + 1 to k ) is negligible as long
l+j−1
' j l+1 /l! (which is valid for
l
then approximate the sum as an integral:

The contribution of the second sum (from

√
l  k. To
j > N  l), and
as

see this, approximate

√
 λ l k (l−1)/2 ˆ k
√
2
√
y l+2 e−y /4−y k log(1+λ) dy,
S(N + 1, k) ''
1+λ
4πl! √N

(305)

k

where a change of integration variable

√
y = j/ k was made.

Once again, we incur

a negligible error by approximating the lower and upper integration boundaries
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√
√
N/ k ' 0 and k ' ∞. By evaluating the integral, it can be shown that
S(N + 1, k)  S(2, √
N ), leading to (228)(229) (remember that here m = 1).
Case (ii), l = x k . In this case, since l  1, one may employ Stirling's
as

approximation also for the second binomial coecient in (299).
before the sum by an integral with an integration variable

ˆ

Pl (k, 1) '

∞

0

√
y2
λ l
y 3/2
p
e− 4 − kf2 (y)
1 + λ 4πk 3/4 x(x + y)

with

x
y
+ y log
+ y log(1 + λ).
x+y
x+y

f2 (y) ≡ x log
√
For

f2

k  1,

Replacing as
√
y = j/ k leads to
(306)

(307)

the integral can be evaluated using a saddle point approximation:

has a minimum at

y ∗ = x/λ,

where its value is

f2 (y ∗ ) = x log λ/(1 + λ).

We

therefore obtain the scaling form

Pl (k, 1) ' √

2
2
x
e−x /4λ
2
4πλ k

(308)

[compare with (232)]. Note that this saddle point calculation carries through to
any

1  l  k.

The results are dierent, however, at the scale of

l = O(k), as
j = O(k),

the main contribution to the sum (the saddle point) comes from values

leading to non-negligible corrections to the calculation due to terms neglected
above such as the higher order terms in (302).

8.8.9

Derivation of Eq. (271)

In this Appendix we provide an alternative derivation of Eq. (271). The derivation of this Appendix is algebraic in nature and serves to show that the desired
result may also be obtained without reference to the probabilistic argumentation presented in the main text. The proof is divided into three parts. In Part
I we show that for

k > 1, G (z; k, m)

G (z; k, m) =

k
P
j=2

can be written as


1 2k+m−2j
2

C1 (k + m − j − 1, k − j)
(309)

+

∞

P
1 2k+m−2
2

A(k, m, l)z l

l=0

where

A(k, m, l) =



λ
1+λ

l P

m
j1 =1

Pj1 +1 Pj2 +1
j2 =1

j3 =1

···
(310)

···

Pjk−3 +1 Pjk−2 +1
jk−2 =1

jk−1 +l
jk−1 =1
jk−1



2
1+λ

jk−1 +1

.

In Part II we show that

A(k, m, l) =
(311)

Pm+k−2
j=1

2j+1 Cm (k − 2, m + k − 2 − j)Pl (1, j + 1) .
126

In Part III we combine Eqs. (309) and (311) to conclude the proof.

Part I. We prove Eq. (309) by induction on k . We start by showing that Eq.
(309) holds for

k = 2 and an arbitrary value of m.

Setting

µi = µ (i = 1, 2, 3, · · · )

in Eq. (253) we have


1 m
2

G (z; k, m) =
+
(k

> 1).

Setting

k=2


1 m+1−j
2

Pm

j=1

(312)

G (z; k − 1, j + 1)

in Eq. (312) and utilizing Eq. (265) we have


1 m
2

G (z; 2, m) =

(313)

+



1 m+1−j

Pm

j=1

2

1
1+λ(1−z)

j+1

.

Recalling the Taylor expansion

∞

X
1
xi
=
1−x
i=0
|x| < 1,

(314)

we expand the parenthesis in the second term of Eq. (313) to obtain


1 m
2

G (z; 2, m) =

(315)

+

Pm

j=1



1 m+1−j
2

1
1+λ

j+1  P
∞ 
i=0

λz
1+λ

i j+1

.

Noting that

i
∞ 
X
λz
1+λ
i=0

!j+1

and


A(2, m, l) =

λ
1+λ

l

∞ 
X
λz
j+l
=
j
1+λ

(316)

l=0

l X
m 
j=1

2
1+λ

j+1 

j+l
j


(317)

we substitute Eq. (316) into Eq. (315) to obtain

G (z; 2, m) =

 m  m+2 X
∞
1
1
+
A(2, m, l)z l
2
2

.

(318)

l=0

Noting that

C1 (m − 1, 0) = 1 (m = 1, 2, 3, · · · ),
k = 2.

with Eq. (309) for
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we see that Eq. (318) identies

We nish the rst part of the proof by showing that if Eq. (309) holds for

k≥2

it holds for

k+1

as well. Indeed, replacing

k

by

k+1

in Eq. (312) we

substitute Eq. (309) into Eq. (312) and obtain

G (z; k + 1, m) =
"
+

+


1 m
2

#

m P
k
P

1+

i=1j=2


1 2k+2−2j
2

m P
∞

P
1 m+2k
A(k, i
2
i=1l=0

Performing an index shift

C1 (k − j + i, k − j)
(319)

+ 1, l)z l

j → k + 1 − j,

.

Eq. (319) can be rewritten as

G (z; k + 1, m) =
"
+

+


1 m
2

1+

m k−1
P
P
i=1 j=1

#

1 2j
2

C1 (i + j − 1, j − 1)
(320)

m P
∞

P
1 m+2k
A(k, i
2
i=1l=0

+ 1, l)z l

.

We now note that Eqs. (201) and (310) imply respectively that

C1 (j + m − 1, j) =

m
X

C1 (i + j − 1, j − 1)

(321)

i=1
and

A(k + 1, m, l) =

m
X

A(k, i + 1, l) .

(322)

i=1
Substituting Eqs. (321) and (322) into Eq. (320) we obtain

G (z; k + 1, m) =
"
+

+


1 m
2

1+

k−1
P
j=1

∞

P
1 m+2k
A(k
2
l=0

Applying the index shift

#

1 2j
2

C1 (j + m − 1, j)
(323)

+ 1, m, l)z l

j →k−j+1

.

and noting again that
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C1 (m − 1, 0) = 1

(m

= 1, 2, 3, · · · )

we conclude that

G (z; k + 1, m) =
k+1
P


1 2k+m+2−2j
2

+

j=2

(324)

∞

P
1 m+2k
A(k
2
l=0

+

C1 (k + m − j, k + 1 − j)

+ 1, m, l)z l

,

G (z; k + 1, m).

a form which coincides with Eq. (309) for

Part II. We will now prove Eq. (311). Examining Eq. (310) it is easy to
see that it can be rewritten in the following form

A(k, m, l) =

Pm+k−2
j=1

2j+1 #m
k,j Pl (1, j + 1) ,

(325)

where we have used Eq. (222) and dened

#m
k,j =

Pm

j1 =1

Pj1 +1 Pj2 +1
j2 =1

j3 =1

···
(326)

···

Pjk−3 +1 Pjk−2 +1

jk−1 =1 δ(jk−1 , j)

jk−2 =1

to be the exact number of times that the running index
equal to

jk−1

in Eq. (310) is

j (j = 1, · · · , m + k − 2).

What can be said about the numbers
to see that when

k=2

#m
k,j ?

First, it is fairly straightforward

we have

#m
2,j = 1
(m

= 1, 2, · · · ;j = 1, · · · , m).

(327)

In addition when

j =m+k−2

we have

#m
k,m+k−2 = 1
(m

= 1, 2, · · · ;k = 2, 3, · · · ).

Now, for

k>2

and

(328)

1 ≤ j < m+k−2

we note that

the following recursion relation holds

m
m
#m
k,j = #k−1,j−1 + #k,j+1 .

(329)

Indeed, substituting Eq. (326) into Eq. (329) we have

?

#m
k,j =

Pm

j1 =1

Pj1 +1 Pj2 +1
j2 =1

j3 =1

···

Pjk−3 +1

jk−2 =1

δ(jk−2 , j − 1)
(330)

+

Pm

j1 =1

Pj1 +1 Pj2 +1
j2 =1

j3 =1

···

Pjk−3 +1 Pjk−2 +1
jk−2 =1

129

jk−1 =1

δ(jk−1 , j + 1)

which immediately gives

?

#m
k,j =

Pm

j1 =1

Pj1 +1 Pj2 +1
j2 =1

j3 =1

···
(331)

···

i
Pjk−3 +1 h
Pjk−2 +1
δ(j
,
j
−
1)
+
δ(j
,
j
+
1)
k−2
k−1
jk−2 =1
jk−1 =1

However, it is easy to check that



jk−2 +1

X



jk−2 +1

δ(jk−1 , j + 1) = 

jk−1 =1

X

δ(jk−1 , j) − δ(jk−2 , j − 1)

(332)

jk−1 =1

substituting Eq.

(332) into Eq.

(331) we recover Eq.

(326) and assert the

#m
k,j = Cm (k − 2, m + k − 2 − j) .

(333)

#m
2,j = Cm (0, m − j) = 1

(334)

validity of Eq. (329).
We now note that

Indeed, for

(m

k=2

= 1, 2, · · · ;j = 1, · · · , m).

In addition, for

j =m+k−2

we have

#m
k,m+k−2 = Cm (k − 2, 0) = 1
= 1, 2, · · · ;k = 2, 3, · · · ). Finally we note
m + k − 2, Eqs. (329) and (333) imply that
(m

that, for

(335)

k > 2

and

1 ≤ j <

Cm (k − 2, m + k − 2 − j) = Cm (k − 3, m + k − 2 − j)
(336)

+Cm (k − 2, m + k − 3 − j)
which together with the boundary conditions specied in Eqs. (334335) give
back the iterative construction of the Catalan trapezoid of order

m.

Substituting

Eq. (333) into Eq. (325) we recover Eq. (311) and conclude the second part
our proof.

Part III. In this part we complete the derivation of Eq. (271). Substituting
Eq. (311) into Eq. (309) we have

G (z; k, m) =

k
P
j=2

+

∞
P
l=0

"

m+k−2
P


1 2k+m−2j
2

Pl (1, j + 1) ·

j=1

C1 (k + m − j − 1, k − j)
(337)

#

1 2k+m−3−j
2

where we have utilized the fact that

Cm (k − 2, m + k − 2 − j) z

P0 (j, 0) = 1.

l

Shifting the index of summa-

tion in the inner sum of the second line of Eq. (337) we obtain Eq. (271).
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9

Genome-Scale Analysis of Translation Elongation Based on a Ribosome Flow Model

Gene translation is a complex process through which an mRNA sequence is
decoded by the ribosome to produce a specic protein.

The elongation step

of this process is an iterative procedure in which each codon in the mRNA
sequence is recognized by a specic tRNA, which adds one additional amino-acid
to the growing peptide [84]. As gene translation is a central process in all living
organisms, its understanding has ramications to human health [85, 86, 87],
biotechnology [88, 89, 90, 91, 92, 93, 94, 95] and evolution [87, 90, 94, 96].
In recent years there has been a sharp growth in the number of new technologies for measuring dierent features related to the process of gene translation
[88, 89, 93, 97, 98, 99, 100, 101, 102]. However, this process is still enigmatic,
with contradicting conclusions in dierent studies. In particular, the identity of
the essential parameters that determine translation rates is still under debate
[89, 103, 104].

Recent studies have suggested that the order of codons along

the mRNA (and not only the composition of codons) plays an important role in
determining translation eciency [90, 103, 105, 106]. Starting with the seminal
work of MacDonald et al. [24] and the work of Heinrich et al. [107] theoretical
models for the movement of ribosomes (and other biological `machines') have
been presented [108, 109, 110]. Despite being relatively realistic these models
haven't been used for the analysis of large scale genomic data.

The models

that have been used for this purpose, while making promising and worthy rst
strides, have not attempted to capture the nature of the translation elongation
process on all its various physical aspects [89, 96, 108, 109, 110, 111, 112].
The most widely used predictors of translation eciency are the codon adaptation index (CAI) [110] and the tRNA adaptation index (tAI) [109].

As we

describe later, the tAI is the mean adaptation of a gene (i.e., of its codons) to
the tRNA pool of the organism. The CAI is similar to the tAI albeit in this
predictor the weight of each codon is computed based on its frequency in a set
of highly expressed genes. Based on measures such as the tAI, it is possible to
estimate the translation rate of single codons. Thus, it possible to study (local)
translation rate proles along genes [90, 113]. As we depict later, in this chapter
we take into account some additional physical aspects of translation elongation.
The aim of the present research is twofold. First, we address the need for
a simple, physically plausible computational model that is solely based on the
coding sequence (i.e. a vector of codons in each gene). In addition we further
require that the model will allow for a computationally ecient analysis of the
translation process on a genome-wide scale and across many species. Focusing
on the coding sequence, we by no means wish to imply that it is the only factor
taking place in the determination of translation rates. Nevertheless, since it has
been widely recognized as a prime factor in the translation elongation process,
we will herby study it in isolation. To this end, we introduce a new approach
for modeling translation elongation. Our model is aimed at capturing the effect of codon order on translation rates, the stochastic nature of the translation
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process and the interactions between ribosomes. We demonstrate that our approach gives more accurate predictions of translation rates, protein abundances
and ribosome densities in endogenous and heterologous genes in comparison to
contemporary approaches.
Second, using our model, we address the need for a better understanding of
the translation process. Our analysis unravels several central and yet uncharacterized aspects of this process.

9.1

The Ribosome Flow Model

Our model is based on the Asymmetric Simple Exclusion Process (ASEP, see,
for example, [24, 107] and subsequent studies [30]. In the ASEP, initiation times,
as well as the time a ribosome spends translating each codon, are exponentially
distributed (mean translation times are of course codon dependent). In addition, ribosomes span over several codons and if two ribosomes are adjacent, the
trailing one is delayed until the ribosome in front of it has proceeded onwards
(see Figure 27A, Subsection 9.5.1, and Subsection 9.5.18).
Despite its rather simple description, the mathematical tractability of the
model described above is poor and full, large scale, simulations of it are relatively slow. In order to allow for analytical treatment and in order to reduce
simulation times, we introduced two simplications. First, instead of describing
the dynamics at the level of a single mRNA molecule we describe the dynamics after it was averaged over many identical mRNA molecules (see Subsection
9.5.2). Second, we limit ourselves to a spatial resolution that is of the size of
a single ribosome. These simplications will be further explained and justied
later.
The simplied model, entitled Ribosome Flow Model (RFM), is illustrated in

C codons each;
C = 3); in practice, as we discuss with more details latter, we use

Figure 27B-C. mRNA molecules are coarse-grained into sites of
(in Figure 27B

C = 25 (unless otherwise mentioned), a value that is close to various geometrical
properties of the ribosome such as its footprint on the mRNA sequence and the
length of its exit channel [90, 97, 105, 114, 115, 116]. As we report later, the
choice

C = 25

is not arbitrary and was made since it gives the best predictions

of protein abundance levels.
Ribosomes arrive at the rst site with initiation rate

λ,

but are only able

to bind if this site is not occupied by another ribosome. The initiation rate is
a function of physical features such as the number of available free ribosomes
[90, 117, 118], the folding energy of the 5'UTRs [89, 103], the folding energy at
the beginning of the coding sequence [89, 103, 119, 120] and the base pairing
potential between the 5'UTR and the ribosomal rRNA [121]. As some of these
features and their combined eect are unknown and out of the scope of this
paper, we assume a global initiation rate or infer the initiation rate from the
coding sequences (as we show in the Subsection 9.3.4). We do so for the sake of
simplicity and in order to avoid over-tting of data.
A ribosome that occupies the

i − th

site moves, with rate

λi ,

to the consec-

utive site provided the latter is not occupied by another ribosome. Transition
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Figure 27: Basic properties of the Ribosome Flow Model (RFM). A. The ASEP
model: each codon has an exponentially distributed translation time; ribosomes
have volume and can block each other. B. The RFM has two free parameters:
the initiation rate

λ

and the number of codons C at each `site' (proportional

to the size of the ribosome).

Each site has a corresponding transition rate

that is estimated based on the co-adaptation between the codons of the site
and the tRNA pool of the organism. The output of the model consists of the
steady state occupancy probabilities of ribosomes at each site and the steady
state translation rates, or ribosome ow through the system.

C. The set of

dierential equations that describe the RFM, denoted as Eq. (1). D. RFM vs.
ASEP: the correlation between translation rates predicted by the two models is
close to perfect (r

= 0.963, p < 10 − 16)

while the running time of the ASEP is

orders of magnitude longer (usually several days vs. minutes).
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rates are determined by the codon composition of each site and the tRNA pool
of the organism. Briey, taking into account the anity between tRNA species
and codons, the translation rate of a codon is proportional to the abundance of
the tRNA species that recognize it (Figure 27, see more details in Subsection
9.5.2).
Denoting the probability that the

i − th

site is occupied at time

t

by

pi (t),

it follows that the rate of ribosome ow into/out of the system is given by:

λ[1 − p1 (t)]
site i + 1 is

and

λn pn (t) respectively. The rate of ribosome `ow' from site i to
λi pi (t)[1 − pi+1 (t)] (see Subsection 9.5.2). As we discuss

given by:

in details (see Subsection 9.5.2 and Figure 27D), the RFM and the ASEP, give
similar predictions, yet the RFM runs markedly faster.
In this chapter we focus on the steady state solution of the equations presented in Figure 27C and specically in the rate of protein production at steady
state. Steady state is a widely used assumption in cases like these (see, for example, [90, 117, 118]) and is hence a good starting point for a large scale study
as the one conducted here.

In addition, a pioneering analysis that took into

account mRNA degradation and was not based on the steady state assumption,
was unable to improve the predictive power of the model with respect to existing
data (Subsection 9.5.5). We note however, that this line of investigation is far
from being exhausted and that it should be revisited once degradation rates of
mRNA molecules and proteins become available (this data is currently lacking
for the vast majority of genomes and heterologous genes).
We denote the steady state site occupation probabilities by
the steady state ribosome ow through the system by

R.

{π1 , ..., πn }

and

The latter denotes

the number of ribosomes passing through a given site per unit time and we note
that this rate is nothing but the steady state rate of protein production.

9.2

Basic Properties of the Ribosome Flow Model

One advantage of the RFM is its amenability to both analytical and numerical
analysis.

In particular one can study ribosome density proles and protein

production rates from the equilibrium dynamics of the translation process. In
Subsection 9.5.2 we describes how to solve the model analytically under steady
state conditions; in this section we discuss some of the basic properties of the
solution.

9.2.1

The behavior of the model under very low and very high initiation rates

A central debate in the eld is about the rate limiting stage of gene translation:
i.e.

is it the initiation stage or the elongation stage (see, for example, [89]).

Analysis of our model demonstrates that, in principle, both cases are possible.
As can be seen in Figure 27A, at very low initiation rates,
the initiation rate,

λ,

λ  min{λ1 , ..., λn },

is the rate limiting step of the translation process (i.e., it

is the bottleneck and the translation rate is determined by it). Thus, the translation rate is approximately given by

λ.
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On the other hand, at high initiation

rates,

λ  min{λ1 , ..., λn },

the rate limiting step is the elongation (the ow

from codon to codon); in this case, the rate of protein translation converges to
a constant that is determined by the set of elongation rates

{λi }

(Figure 27A;

also see Subsection 9.5.2).

Figure 28: The eect of the initiation rate on the translation rate and elongation
rate capacity. A. The gure depicts ten typical proles of translation rate vs.
the initiation rate (blue) in S. cerevisiae genes; the mean genomic prole is
shown in red.

As can be seen, for very small values all genes have similar

λ and not by the codon-bias), whereas
λ translation rates dier among genes and asymptotically converge to

translation rates (mainly determined by
for larger

the elongation rate capacity. B. The predicted translation rate for highly (top
25%, Blue line) and lowly (lowest 25%, Red line) expressed genes.

9.2.2

The elongation rate capacity of a coding sequence

One important feature that was discovered by implementing our model is the
fact that each gene has a dierent translation elongation capacity. This capacity

λ. In
λ since the limiting capacity

is the maximal translation rate of the gene, achievable for innitely large
eect, one needs not go to innitely large values of

is already achieved for nite and biologically feasible values. As can be seen in
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Figure 27A (for large

λ),

the capacity is a nite number that depends on the

λc , such
λ above λc , the elongation capacity is roughly equal

mRNA sequence; in addition, for each gene there is a possibly dierent
that for every initiation rate

to the maximal elongation capacity. As expected, Figure 27B shows that the
elongation rate capacity of highly expressed genes is higher than the capacity
of lowly expressed genes (S. cerevisiae; also see Section 9.5).

9.3

Predicting translation rates, protein abundance and
ribosome densities of endogenous genes

9.3.1

Translation rates and protein abundance

The model was rst evaluated by an analysis of three organisms for which large
scale Protein Abundance (PA) measurements are available: E. coli, S. pombe
and S. cerevisiae (see Section 9.5). It is important to note that direct measurements of translation rates are not available. However, as explained in Subsection
9.5.7, the protein abundance of a gene is expected to increase monotonically with
its translation rate. Thus, a good predictor of translation rates is expected to
have a high Spearman correlation with the corresponding protein abundance.
Indeed, throughout the paper we mainly report correlation of RFM translations
rates with protein abundance (see Section 9.5). We compare the predictions of
the RFM to the predictions of other commonly used predictors.
In each case, genes were divided into groups/bins (of equal size) according
to their expression levels and the number of protein abundance measurements
(a larger number of measurements, e.g. the data of S. cerevisiae, enables more
bins); in each group the correlation between the predictions of the model and
the actual protein abundance level was computed. The predictions of the RFM
are compared with those of the tAI, which is the current state of the art, codon
bias based, PA predictor [90, 103, 108, 109, 111, 112, 122]. The RFM and tAI
share resemblance in the sense that they are both based on codon adaptation to
the tRNA pool. However, in contrast to the RFM, the tAI is not sensitive to the
order of codons or to the eect caused by ribosome jamming. The tAI is also a
central component in other PA predictors that incorporate additional genomic
features such as mRNA levels and evolutionary rates [108].

Thus, whenever

the predictions of the RFM are better than those of the tAI, it can benecially
replace the latter as a component within a more sophisticated predictor.
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Figure 29:

Prediction of protein abundance of endogenous genes by the tAI

[109] and by the ribosome ow model (RFM). We compare the RFM to the tAI
(insensitive to codon order), the RFM also outperformed other predictors, such
as the Bottleneck and the Mean Speed (see denitions in Section 9.5; see Figure
33 in Subsection 9.5). The predictions were obtained for groups of genes with
dierent levels of protein abundance in dierent organisms; in each organism
all bins are of equal size; organisms with a larger number of measurements
enable more bins. A. Predicting protein abundance of E. coli endogenous genes.
B. Predicting protein abundance for S. pombe endogenous genes C. Predicting
protein abundance for S. cerevisiae endogenous genes [99].

D. Sensitivity to

codon order vs. protein abundance in S. cerevisiae.

As can be seen in Figure 29, in the vast majority of organisms and across
expression levels, the RFM outperforms the tAI (and other predictors that are
based on codon bias). Specically, in E. coli the global correlation between PA
and the predictions of the RFM is

10

−16

R = 0.54 (p < 10−16 )

) for the tAI (408 genes with PA data).

vs.

R = 0.43 (p <

In addition, when subdividing into

expression levels, correlations are consistently higher in all subgroups (Figure
29). In S. pombe results were similar: the correlation with PA was higher for the
RFM,

R = 0.63 (p < 10−16 )

vs.

R = 0.56 (p < 10−16 )

for the tAI (1465 genes

with PA data). In addition, correlations are higher in most of the expression
level subgroups (Figure 29).
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In the case of S. cerevisiae the tAI performs better than the RFM only
for the most highly expressed genes.

Nevertheless, it is the RFM that yields

signicant correlation with protein abundance in most of the other ranges (see
Figure 29C). This may be due to the tendency of highly expressed genes in S.
cerevisiae to be more robust to permutations of the codons' order (see discussion
in the next subsection) and due to the fact that the tAI was specically tailored
and optimized for S. cerevisiae [109].
Finally, the RFM is seen to outperform the tAI also when mRNA levels are
controlled for and when the product of the predicted translation rate with the
mRNA level of the transcript is used as the PA predictor; see Subsection 9.5.19.

9.3.2

The eect of codon order on translation rates

All common measures of translation rate/translation eciency/codon bias (see,
for example, [109, 110]) predict that PA increases with the relative incidence of
`fast' codons along the transcript. Recently, it has been suggested that codon
order (in addition to content) may regulate gene translation via the eect of
ribosome jamming [90, 105, 106]. For example, slower codons at the end of the
mRNA, may render the transcript prone to more `trac jams' and thus decrease
the translation rate. Previous studies have attempted to estimate the eect of
codon bias in the case were synonymous codons are randomly permuted and the
nal protein product does not change [89, 104]. Nevertheless, common measures
of translation rate are not sensitive to codon order and so a direct estimation
regarding the eect of the latter on the translation rate is still lacking.
In this section, we aim at isolating the eect of codon order on the translation
rate. In other words we would like to answer the following question: is there
a dierence between the translation rates of two mRNA transcripts that are
characterized by identical codon content but dierent codon order. To this end,
we applied our model to random permutations of native mRNA transcripts. This
was done for each gene separately, in order to compute the standard deviation
in the predicted PA for the set of randomly permuted transcripts. Results are
given in percentages (i.e. normalized by the original PA; see the exact details
in Subsection 9.5.13). We named this measure DPCO (dependence of protein
abundance on codon order). We emphasize again that DPCO analysis cannot
be performed using common measures of translation rate/translation eciency
since these are only sensitive to the codon content which was left unchanged by
the permutation process.
A DPCO index of 20%, for example, means that we can quite easily get
a 20% change in the gene's PA just by changing the order of its codons, and
probably get a 40% change in PA by optimizing the latter with respect to codon
order. Codon permutations may change the resultant protein; nevertheless, the
DPCO gives a large scale estimation of the distinct eect of codon order on
protein production rates and protein abundance.
Analysis of several organisms revealed that the DPCO of endogenous genes
is surprisingly high. The mean DPCO is 16.35% in E. coli (stdev is 8.43%: in
10% of the genes the DPCO is more than 28%); the mean DPCO is 13.7% in S.
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pombe (stdev of is 4.6%: in 10% of the genes the DPCO is more than 19.25%);
the mean DPCO is 17.7% in S. cerevisiae (stdev 7.92 %: in 10% of the genes
the DPCO is more than 27.46%).

These results highlight the importance of

incorporating codon order into models of translation rates as they support the
hypothesis that one can profoundly aect the translation rate just by reordering
the codons in the transcript.
In the previous section we found that the tAI performs well mainly for highly
expressed genes; it is possible that this result is partially related to the fact
that translation eciency is less aected by codon order in these genes.
found a signicant negative correlation (S. cerevisiae:
E. coli:

r = −0.22, p = 9.4 · 10−6 )

We

r = −0.31, p < 10−16 ;

between DPCO and protein abundance of

genes (Figure 29D), demonstrating that in these organisms protein abundance
of highly expressed genes (whose expression was predicted relatively well by the
tAI) is less dependent on codon order than it is in lowly expressed genes. Thus,
the results reported in this section support the usage of models such as the RFM
for predicting the translation rate of endogenous genes that are lowly expressed
(see also Subsection 9.5.20).
It is important to note that the predictions reported in this section should
be confronted with experimental measurement when these become available.
However, in light of the fact that controlled design of `wet experiments', that
would allow the validation of the predictions presented above, is far from being
trivial (e.g. changing the order of codons may inuence other features of the
coding sequence), the estimations reported here are particularly interesting.

9.3.3

Coarse graining and genomic ribosomal density proles

Figure 30A depicts the correlation between translation rate predictions of our
model and protein abundance in S. cerevisiae for dierent values of the coarse
graining parameter C (C in Figure 27). Interestingly, the optimal correlation
is obtained for sites of size 25-35 codons (and is supported by jackkning test;
see Subsection 9.5.17). This value is similar to length scales associated with the
ribosome such as its footprint on the mRNA sequence [90, 97, 114, 115, 116]
(between 11 and 18 codons), the number of amino acids associated with the exit
channel of the ribosome and its length [123, 124, 125, 126] (between 30 and 71
codons), and the length of the 'ramp' at the beginning of genes corresponding
to the optimization of ribosome allocation [90, 125] (around 50 codons); similar
results were obtained for other organisms as well (Figures 34-35 in Subsection
9.5.24).

This result provides further support for the validity of our model.

Specically, this result is consistent with the assumption that site size in our
model should be of the same order of magnitude as the ribosome size since
physically this is the relevant length scale in the system.

139

Figure 30:

Relations between various quantities predicted by the RFM and

biological measurements.

A. Correlation between protein abundance [98, 99,

147] and the translation rate for various values of the coarse graining parameter
(C in Figure 2); the best results are observed for values which are similar to
various geometrical properties of the ribosome (the dashed lines in the gure).
B. Right: The RFM predicts the genomic ribosomal density prole [14] better
than the tAI or the model of Zahng et al. [114]; all were normalized to have
the same mean.

Left: the 5' region of the genomic ribosomal density prole

and the predicted genomic prole of the RFM appear linear on a log-log scale.
We used a site size of 15 codons (similar to the size of the ribosome) and a
(initiation rate) value that was indepedently found to optimize the correlation
with protein abundance. C. The relation between

λ (associated with the number

of available ribosomes in the cell), genomic mean of the translation rate, and
the genomic mean of the ribosomal density.

D. Initiation rate

λ,

translation

rate, and ribosomal density for highly expressed genes (up) and lowly expressed
genes (down).
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In the next step, we studied how well the RFM predicts the shape of the
genomic proles of ribosome density. To this end, predictions of our model and
other models were compared to a genomic ribosomal density prole that was
generated based on, single nucleotide resolution, large scale measurements of
ribosomal density (see Section 9.5, [97]; Figure 30B).
Strikingly, as depicted in Figure 30B, although all models predict that there
is a decrease in ribosome density from the 5' end to the 3' end of the mRNA
transcript, the gap between the real prole of ribosomal density and the prole
predicted by the RFM is signicantly smaller than the one obtained by Zhang's
model [114] (0.26 vs. 0.3; Wilcoxon test p-value < 0.0001) or from the graph
corresponding to per-codon mean genomic 1/tAI [90] (0.26 vs. 0.54; Wilcoxon
p-value < 0.0001). Specically, it seems that both the genomic ribosome density
prole and the RFM predictions are characterized by a non-exponential decay
from the 5' end of the coding sequence to the 3' end of the coding sequence and
are seen linear on a log-log graph (Figure 30B; see also Subsection 9.5.21). In
contrast, the tAI predicts a much slower mean genomic decrease rate (Figure
30B). This result further supports the RFM as a model that describes the physics
of gene translation better than previously suggested models (similar results were
obtained for ribosome density proles obtained under starvation conditions; see
Figure 36 in Subsection 9.5.24).

9.3.4

Optimality of the translation machinery

One basic translation-related feature of a gene is the mean, steady state, ribo-

1
N

N
P

πi (the
i=1
mean probability that a site will be occupied by a ribosome). In the RFM, λ
some density on the transcript. This value can be predicted by

π̄ =

models the eect of the number of free ribosomes on the initiation rate. Given
that there are more ribosomes, the initiation rate would increase since the rate
in which ribosomes arrive at the 5' end of the mRNA is proportional to the
number of free ribosomes. What are the relations between

π̄ , λ,

and the trans-

lation rate in general? And in particular, what is the actual `working point' (in
the

λ, π̄ , R

parameter space) of the translational machinery?

Figure 30C depicts the translation eciency at dierent values of

λ

λ.

At low

levels the translation rate and ribosome occupancy increase monotonically

with

λ.

However, as was demonstrated before [127], after a certain point the

system reaches saturation  increasing

λ

does not result in a further increase

of the translation rate or the mean genomic ribosomal density.
Interestingly, the correlation between the predicted translation rate and the
measured protein abundance of yeast is maximal exactly before the onset of
saturation (Figure 30C). This fact may suggest that the translation machinery
is tuned to work in the vicinity of this point. Thus, this may indicate that there
is global optimality of the initiation rate in S. cerevisiae (similar results were
obtained for other organism: S. pombe, E. coli, Human liver; see Figures 37-39
in Subsection 9.5.24).
We note that the pre-saturation point is optimal from an engineer's point
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of view. The basic reasoning for this follows from the fact that going below the
pre-saturation dramatically decreases the rate of protein production.

On the

other hand, going above and beyond the pre-saturation point, would require
additional resources from the cell. This investment however, will have no eect
on the mean protein production capacity and will therefore be in vein.
For a given initiation rate,

λ,

faster codons (i.e., higher

λi

or higher tAI)

should decrease the ribosomal density due to the reciprocal relation between
translation rate and ribosomal density [90, 103]. Thus, under the assumption
of a global initiation rate, and since highly expressed genes have more ecient
codons, we expect a negative correlation between expression levels of genes and
their ribosomal density.

However, in practice this is not the case  the cor-

relation between translation eciency (tAI) and ribosomal density is positive
and signicant (for example,

r = 0.46; p ≤ 10−16

for the ribosomal density

measurements of [93] and the mRNA measurements of [128]). This result suggests that the initiation rate of highly expressed genes is higher than that of
lowly expressed genes. Rening our analysis, we will now revisit, and relax, the
simplifying global initiation rate assumption we have made so far.
Given a set of genes (e.g. highly expressed genes) the estimated initiation
rate

λ

of this group is the one that gives the best correlation between the

predicted translation rates and protein abundance. We estimated the initiation
rate in highly expressed genes (top 20%) and in lowly expressed genes (lowest
20%; Figure 30D). Indeed the predicted initiation rate of the highly expressed
genes is higher than that of the lowly expressed genes (0.00035 vs. 0.0002) while
the resulting predicted ribosome density is also higher for the highly expressed
genes (0.42 vs.

0.36).

Thus, in practice (at the `working point'), our model

predicts that highly expressed genes, that are equipped by faster codons and
thus characterized by higher translation rates, are also characterized by higher
ribosomal densities as their initiation rate is higher.

The fact that in highly

expressed genes ribosomal densities are higher, suggests that in these genes,
elongation rate is more rate-limiting (relatively to lowly expressed genes). This
result explains why in highly expressed genes codon bias should be a better
predictor of translation rate (as was shown in Figure 29).
Dierent mRNA transcripts are characterized by dierent translation elongation capacities. Here, based on the correlation between translation rates and
protein abundance, we have just shown that, on average, the predicted

λ

is the

one for which this capacity is almost fully achieved (i.e. 93% of the capacity is
attained in S. cerevisiae). This rule enables inference of the initiation rates of
individual genes: e.g. in S. cerevisiae, the predicted initiation rate of a gene is
the one for which 93% of its elongation capacity is attained (in other organisms
the rule is similar; see Section 9.5).
Strikingly, the predicted initiation rate of genes signicantly correlates with

r = 0.29, p = 10−16 ; S. pombe r =
r = 0.34, p = 8 · 10−13 , Figures 40-42 in Subsection

their protein abundance (S. cerevisiae

0.41, p = 10

−16

9.5.24); i.e.

highly expressed genes have higher initiation rates.

; E. coli,

In addition,

the predicted initiation rate correlates with the predicted ribosomal density (S.
cerevisiae

r = 0.72, p < 10−16 ;

S. pombe
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r = 0.6531, p < 10−16 ;

E. coli,

r = 0.3379

,

p < 10−16

, Figures 43-45 in Subsection 9.5.24, Section 9.5) 

i.e. highly expressed genes are characterized by higher ribosomal density (the
correlation between predicted ribosome density and protein abundance of genes:

r = 0.19, p < 10−16 ; S. pombe r = 0.104, p = 2.44 · 10−4 ; E.
r = 0.32, p = 2.1 · 10−11 ; Figures 46-48 in Subsection 9.5.24) . These

S. cerevisiae
coli,

results demonstrate again that the predictions of our model are in accord with
the experimental observation that highly expressed genes have higher initiation
rate and higher ribosomal density (mentioned above) [93].

9.3.5

Analysis of heterologous gene expression

As was demonstrated above, the RFM is considerably better (than current state
of the art predictors) at predicting the PA of lowly expressed genes with coding
sequences that dier from the optimal design.
a gene from one organism (e.g.

This is usually the case when

Human) is expressed in a dierent organism

(e.g. E. coli; see for example, [88, 89, 104, 129]), a procedure known as heterologous gene expression. Heterologous gene expression allows the use of mRNA
`libraries' that are composed of dierent variants of the same heterologous gene.
In this method of expression, control for various properties is already `built in'.
In particular, the amino acids composition of the translated protein remains
unchanged.
In this subsection, we use our model to analyzing two cases of heterologous
gene expression, demonstrating that the RFM markedly outperforms the tAI
(and other alternative predictors).

In what follows, we emphasize the dier-

ences between endogenous and heterologous genes. As we demonstrate, the gap
between the predictions of our model and those of the tAI is higher for heterologous genes.

This property of the RFM, demonstrates the potential biotech-

nological applications of our approach  predicting the protein abundance of
heterologous gene expression.
We analyzed the data of Welch et al. [104], a large library of genes encoding
DNA polymerase of Bacillus phage pi29 proteins, results are shown in Figure
31. All the genes encode the same amino acid sequence but each of them has a
dierent codon composition. Although it was reported that there is no correlation between codon-bias or folding energy and protein abundance in this dataset
[103, 104], we found a signicant correlation between the predictions of the RFM
and protein abundance (r

= 0.5, p = 0.004).

Correlation is signicant only for

very low initiation rates, suggesting that initiation (or other variable, as was
suggested in [104]) is rate limiting in the translation of these genes. In contrast
to what was observed for endogenous genes (Figure 30), the point with maximal
correlation between the prediction of the model and PA is not the pre-saturation
point. This result demonstrates that the coupling between translation rate and
initiation rate is an evolutionarily selected trait, and is hence not observed in
heterologous coding sequences.
We continued with an analysis of the data by Burgess-Brown et al.

who

optimized the codons of 31 human genes in order to express them in E. coli
[129]. In this study, the protein abundance of 18 genes improved, that of one
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Figure 31: Analysis of the data of Welch et al. [104] by the RFM model. A.
The translation rate and the correlation with protein abundance as a function
of the initiation rate. B. Predictions of the RFM vs. protein abundance  a
dot plot.

gene decreased, and the other 12 did not change in a detectable way.

The

Spearman correlation between the direction of the change in PA and the predicted fold change (i.e. the ratio between the translation rate before and after
the optimization) of the RFM was 0.45 (empirical p-value = 0.019) while the
correlation with the fold change according to the tAI was only 0.34 (empirical
p-value = 0.077; see Subsection 9.5.15).

This result demonstrates once more

that the RFM is a particularly useful tool for the analysis of heterologous gene
expression (see also Subsection 9.5.22).

9.3.6

Condition-specic translation rates in S. cerevisiae

When the yeast S. cerevisiae is grown on glucose-based media, it rst utilizes the
available glucose, growing by fermentation. When most of the glucose has been
consumed it undergoes a metabolic change, called diauxic shift, in which its
metabolism shifts to respiration. This is accompanied by wide changes in gene
expression and tRNA abundance [90, 130]. In [90] we focused on the similarities
between the tRNA pools in dierent stages of the diauxic shift (for example, the
Spearman correlation between the tRNA abundance at time 0 and the tRNA
abundance after 9 hours is 0.9, p-value

6 ∗ 10−15 ;

i.e. 0.81 of the variance in

the tRNA pool at time 9 hours can be explained by the tRNA pool at time 0
hours). In the current study we analyze the dissimilarities between the tRNA
pools during dierent stages of the diauxic shift. Changes in the tRNA pool due
to the diauxic shift lead to changes in the translation rate of dierent codons.
The total eect of these changes is related, among other factors, to the order of
codons along the mRNA transcript and therefore cannot be inferred completely
by the tAI.
Here, we use our model to analyze the dynamics of genomic translation rates
during the diauxic shift in S. cerevisiae (using data from [90]). In each stage
of the diauxic shift, we computed the expected translation time (ti ) of each
codon based on the available tRNA pool at that stage [90]. These times where
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then used in conjugation with the RFM in order to compute the mean genomic
translation rate and ribosomal densities for dierent values of the initiation rate

λ.
As the new growth conditions are less optimal for the yeast we expect a global
reduction in the rate of translation. The mean genomic prole of the translation
rate and ribosomal density of all S. cerevisiae genes at ve time points (0, 4.5,
6, 7.5 and 9 hours after the beginning of the experiment) during the diauxic
shift, is presented in Figure 32A-B. As can be seen, all these proles are similar
to the ones reported earlier  displaying saturation of the translation rate and
the ribosomal density for large

λ.

As expected, both the predicted translation rate and the predicted number
of available free ribosomes (or equivalently the initiation rate) decrease during
this process (Figure 32A). Interestingly, although the mean codon eciency remains essentially unchanged during the process (a minor decreased of 0.16% in
the mean genomic expected time for translating a codon), the mean production
rate does decreases due to changes in the initiation rate (number of free ribosomes; see details in Figure 32A) and eects related to the ow of ribosomes
and the order of codons.
does not decrease as

λ

In contrast, the mean predicted ribosomal density

decreases (see details in Figure 32B). Thus, while the

total eect under these conditions is also related to changes in mRNA levels,
initiation/elongation factors and more (see [130]), our model predicts that part
of the global response can be attributed to changes in the composition of the
tRNA pool. Such an analysis cannot be performed by simple measures such as
tAI.
In the next step, we checked how well the predicted change in translation
rate of genes during the Diauxic shift correlates with the change in their mRNA
levels. We compared the change in the predicted translation rate of genes whose
mRNA levels exhibited extreme fold change (fold changes >1.8 and <1/1.8) and
found that the ranked fold changes of the translation rate of the genes in these
groups was also signicantly dierent (mean fold change 1.035 vs. mean fold
change 0.9991;

p = 2.47 · 10−5 ).

Ranking the changes in the tAI led to an

opposite result  a decrease in the translation rate of genes whose mRNA level
increased and vice versa (mean fold change 0.9923 vs. mean fold change 1.0103),
demonstrating again the superiority of our model. This result demonstrates that
(i) in S. cerevisiae, condition-specic changes in the translation rate of genes are
in accordance with the changes in their transcription levels; and (ii) the RFM,
by considering rened features such as the order of codons and initiation rates is
specically sensitive to the adaptation of an organism to a dynamically changing
environment.

9.3.7

Translation Eciency in Human

Finally, comparison of the predictions of the RFM to tissue specic mRNA levels
(that are known to correlate with protein abundance and ribosomal densities [93,
97, 108]) in human demonstrated that it outperforms the tAI in this organism
as well (Figure 32C, Subsection 9.5.23). Specically, the gap between the RFM
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Figure 32: Translation rate and ribosome density during the diauxic shift in S.
cerevisiae. A. The mean genomic translation rate as a function of the initiation
rate (λ) for ve time points; the dotted lines correspond to the working point just
before saturation (93% of the maximal production rate). B. The mean genomic
ribosomal density as a function of the initiation rate (λ) for ve time points.
The dotted lines correspond to the initiation rates at the working points.

C.

The correlation between the mRNA levels of genes in dierent human tissues vs.
(a) the RFM predictions and (b) the tAI predictions. Inset: the improvement
in correlation in % when using the RFM instead of the tAI.

146

and the tAI is particularly large in germ line and immune cell types.

Thus,

specically in these tissues, the RFM should be helpful in analyzing mutations
(see, for example [122]) or SNPs (see, for example, [85, 131, 132]) that cause
diseases due to problems in gene translation.
In addition, we computed the correlation between the prediction of the RFM
and protein abundance in Human cell lines for which PA data exists [133]. The
correlation between the predictions of the RFM and protein abundance was 0.47
(p-value <

10−16 )

vs. a correlation of only 0.28 (p-value <

10−16 )

between the

tAI and protein abundance.

9.4

Conclusion and Discussion

We described a novel analysis of large scale genomic data by a predictor/model
that is based on the physical and dynamical nature of gene translation. Given
the copy numbers of the tRNA genes in the host genome, our model, the RFM, is
based only on codon-bias; It can hence be applied when only the coding sequence
of a gene is available and without additional data or information. Despite its
relative simplicity, we show that our model predicts features such as protein
abundance in endogenous and heterologous genes better than alternative ('nonphysical') approaches. We demonstrate that the gap between the performance of
the RFM and alternative predictors is especially large in the case of heterologous
genes; thus, it should be very helpful in the common challenge of predicting the
protein abundance of potential heterologous proteins before expressing them in
the desired host (see, for example, [88, 89, 90, 104, 134, 135, 136, 137]).

In

addition, we have demonstrated that our approach can be used for accurately
inferring various variables that can not be inferred by the common predictors
used nowadays.
From a Systems Biology point of view, by using our model we were able to
demonstrate the global optimality of the process of gene translation [89, 90, 103].
We discovered that increasing the number of available ribosomes (or the initiation rate) increases the genomic translation rate and the mean ribosomal density
only up to a certain point. After this point, the system is 'saturated': adding
more ribosomes/increasing the initiation rate does not result in an increase of
these two variables. Quite strikingly, in all the organisms we have analyzed, the
global initiation rate is optimized to the pre-saturation point.

The fact that

similar results were not observed in articial genes supports the conclusion that
this feature is under selection.
Optimality of the translation machinery is perhaps not so surprising. Protein production is a central and complex process in the cell. For example, at
any given time point there are around 60,000 mRNA molecules in S. cerevisiae
[117] that are translated by 187,000 (+56,000) ribosomes [118]. The process of
gene translation consumes a very large amount of energy and thus the problem
of ne tuning the number of ribosomes and the translation rate should have a
signicant inuence on the tness of the organisms [89, 90, 103]. Specically,
increasing the translation rate of highly expressed genes (the 'supply') while decreasing the number of working ribosomes/ribosomal density (the 'cost') should
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improve the tness of an organism. It was already suggested that there is selection for improving translation eciency of highly expressed genes relatively
to lowly expressed genes (see, for example, [89, 103]). By using our model, we
can actually estimate the translation cost of highly and lowly expressed genes
as the ratio between the translation rate and the average number of ribosomes
working on the transcript. The number of proteins produced per unit time, per
ribosome, for highly expressed genes (top 20%) is 0.000162/0.42 = 0.000386 (in
arbitrary units). This number is 10% higher than that of the lowly expressed
genes (lower 20%; 0.000125/0.36 = 0.000347). Again, this result demonstrates
'optimality': as highly expressed genes produce more mRNA molecules, decreasing the cost of translation should result in a much larger eect on the tness of
the organism.
Finally, the goal of this study was to model the process of translation elongation, emphasizing the eect of codon order. In the future, in order to decrease
the gap between the predictions of our models and measurements of protein
abundance, we intend to develop a more comprehensive model of this process.
While promising strides in this direction were already made [138, 139], many
features of the translation process are yet to be accounted for. Unfortunately,
large-scale biological measurements of translation rates, initiation rates, tRNA
levels, mRNA/protein degradation rates and many other quantities that are related to the process of gene translation are currently unavailable. Large scale
measurements that are available (e.g.

protein abundance) are related to the

modeled process (see Section 9.5), but are indirect. This fact hinders the implementation and validation (as opposed to formulation) of more sophisticated
models.

In addition, it is important to note that the ability to predict mea-

surements of protein abundance may also be hindered due to bias and noise in
the current pool of existing data (see, for example, [100, 140]).

As new data

accumulates, the implementation of more comprehensive models will become
possible and our understanding of the translation process will deepen further.
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9.5

Appendix

9.5.1

The ASEP model for translation elongation

In the ASEP an mRNA transcript with

N codons is modeled
i, where i = 1, ..., N .

sites, each of which is labeled by the index

as a chain of
The rst and

last codons are associated with the start and stop codons, respectively. At any

t,

time,

attached to the mRNA are

M (t) ribosomes. Being a
l codons. A codon may

of molecules, each ribosome will cover

large complex
be covered by

no more than a single ribosome. To locate a ribosome, we arbitrarily assume
that the codon being translated is the one in the `middle' of the ribosome. For
example, if the rst,

(l + 1)/2

codons are not covered, a ribosome can bind to

the rst codon on the mRNA strand, and then it is said to be on codon

i = 1.

A complete specication of the conguration of the mRNA strand is given by

ni = 1 if codon i is being translated and ni = 0
ni = 1 the (l − 1)/2 codons before and after codon
ribosome that is on site i. Since these codons are not

the codon occupation numbers:
otherwise. Note that when

i=1

are covered by the

the ones being translated, the codon occupations numbers for them are equal
to zero.
We will now specify the dynamics of the ASEP model. A free ribosome will

i = 1 with rate λ, provided that the rst (l + 1)/2 codons on the
i will move to the
next codon with rate λi , provided codon i + (l + 1)/2 is not covered by another
ribosome. In case i + (l + 1)/2 > N (ribosome is bulging out of the mRNA
strand) an attached ribosome will move to the next codon with rate λi .

attach to codon

mRNA are empty. An attached ribosome located at codon

In order to simulate this dynamics, we assume that the time between initiation attempts is distributed exponentially with rate

λ.

Similarly the time

between jump attempts from site to site is assumed to be exponentially distributed with rate

λi

(the exponential distribution is of course, an approxima-

tion as the process of translating a single codon involves more than one step
[84]). Note that in the case of

i=N

the jump attempt is in fact a termination

step. We dene an event as an initiation, jump attempt, or termination step.
From our denition it follows that the time between events is exponentially
distributed (minimum of exponentially distributed random variables) with rate

µ ({ni }) = λ +

N
P

ni λi . Note that a jump attempt from codon i can only be
i=1
made if there is a ribosome translating this codon and hence the rate depends
on the set of site occupation numbers. The probability that a specic event was
an initiation attempt is given by:

λ/µ ({ni }).

Similarly, the probability that

a specic event was a jump attempt (or termination event) from site to site is
given by

ni λi /µ ({ni }).

At each step of the simulation, we determine the nature of the event and
the time passed till its occurrence by these rules.

The set of site occupation

numbers are then updated accordingly and the simulation proceeds to the next
event.

For example if an initiation attempt was made, we check if the rst

(l + 1)/2

codons on the mRNA are not covered. If so, we set
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n1 = 1,

otherwise

n1 remains as is. If a jump attempt from codon i to
i + 1 was made, we check if site i + (l + 1)/2 is not covered. If so, we
ni = 0 and ni+1 = 1, otherwise the attempt fails and ni ,ni+1 remain as is.

the attempt fails and
codon
set

Starting with an empty mRNA strand we simulate the system for 250,000 steps
(events). The system is then simulated for an additional 1,000,000 steps where
we keep track of the total number of terminations and the total time that have
passed from the point this phase have started. The steady state rate of protein
production was determined by dividing the number of termination events by the
total time that has passed. The number of steps in the rst and second stages
was determined after observing that increasing the number of steps fourfold had
a negligible eect on the predicted protein production rate.

9.5.2

The Ribosome Flow Model

Physical interpretation of the ribosome ow model.

Assume that a

ribosome is C condos long and that the mRNA strand is positioned such that
translation takes place from left to right.

The ribosome ow model assumes

that a ribosome lands on the mRNA strand such that the rst codon is located
at the middle of the ribosome. The ribosome now needs to translate C codons
in order to have its middle point reach codon C+1. This way the right edge of a
newly arriving ribosome can be positioned next to the left edge of the ribosome
who has just translated the rst C codons.

We now coarse grain the mRNA

strand into two groups of sites (`chucks'):

•

A.

•

B.

1. . . (C + 1)/2, 1 + (C + 1)/2. . . C + (C + 1)/2, 1 + C + (C + 1)/2. . . 2C +
(C + 1)/2, . . .
1. . . C, C + 1. . . 2C, 2C + 1. . . 3C, . . .

The ow of ribosomes from site

i

to site

i+1

in the group A is determined by:

1. The occupation probabilities of these sites.
probability of site
site

i + 1)

i

the higher the ow to site

probability of site

i+1

to site

i + 1)

i + 1.

i

to

The higher the occupation

(more chances that a ribosome will be blocked by

another ribosome residing in site

i

The higher the occupation

(more attempts per unit time to ow from site

i+1

when attempting to ow from site

the lower the ow emanating from site

i.

2. The translation time of the C codons that belong to the

i−th site in group

B. The lower the time the higher the ow.
Denoting by

pi (t)

the probability that the

pied (by a ribosome) at time

t,

i − th

site (in group A) is occu-

the time evolution of the set of probabilities

{p1 (t), ..., pn (t)} is governed by the following set of dierential equations:
 dp (t)
1

 dt = λ [1 − p1 (t)] − λ1 p1 (t) [1 − p2 (t)]
dpi (t)
(338)
= λi−1 pi−1 (t) [1 − pi (t)] − λi pi (t) [1 − pi+1 (t)] 1 < i < n
dt

 dpn (t)
= λn−1 pn−1 (t) [1 − pn (t)] − λn pn (t) .
dt
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Analytic solution of the ribosome ow model. In order to proceed we
recall that in steady state the occupation probabilities are constant in time and
equal to

R

{π1 , ..., πn }.

Denoting the steady state rate of protein production by

it follows that:

R = λ n πn

(339)

This rate is also equal to the steady state rate at which ribosomes leave the
mRNA strand (after translating the entire sequence). At steady state the left
hand side of Eq. (338) vanishes and we get:



λ [1 − π1 ] = λ1 π1 [1 − π2 ] = R
λi−1 πi−1 [1 − πi ] = λi πi [1 − πi+1 ] = R


λn−1 πn−1 [1 − πn ] = λn πn = R .

1<i<n

(340)

where we have also used Eq. (339). An interesting conclusion follows from Eq.
(340), since for every site

i : 0 ≤ πi ≤ 1

(probability is always non-negative and

not larger than one) the steady state rate of protein production is limited by
the slowest rate in the system:

R ≤ min {λ, λ1 , ..., λn }
Solving Eq. (340) for

R

(341)

we obtain:

1 − R/λ =

R/µ1
1−

(342)

R/µ2
1−

R/µ3
R/µ4
1−
R/µ5
1−

..

.

Equation (342) is the starting point for the analytical analysis of the model
as is further described below. Note that in principle Eq. (342) can be solved
numerically for

R given the set {λ, λ1 , ..., λn }, the unknown steady state occupa{π1 , ..., πn } can then be computed via Eq. (340). In practice

tion probabilities

however, we have numerically solved the original set of dierential equations
given in Eq. (338).

Solving Eq. (338) numerically
In order to obtain the set of steady state occupation probabilities,
and the steady state rate of protein production,
merically using Matlab.

R,

we solve Eq.

{π1 , ..., πn },
(338) nu-

Equation (338) is treated as an ordinary dierential

equation for the vector p
~(t) whose entries are the occupation probabilities:
{p1 (t), ..., pn (t)}. We start from an mRNA strand which is empty of ribosomes,
p~(t) = ~0 . The occupation probabilities are then found for a set of later times
using Eq. (338) and Matlab's ordinary dierential equation solver. The process
stops when the vector converges to the vector of steady state occupation probabilities. More accurately, we stop the process for a time

t∗

p~(t) is
t > t∗ . The

for which

constant (up to some prexed numeric error threshold) for every

vector of steady state occupation probabilities and the protein production rate
are then taken as:

~π = p~(t∗ )

and

R = λ n πn .
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Analysis of the limits of low and high initiation rates
An interesting question goes to the behavior of the model in the limits of
low/high external ribosome ux. The limit of low ribosome ux is mathematically given by:

λ  min {λ, λ1 , ..., λn }. In this limit the rate of protein producR ' λ and it is hence insensitive to codon bias.

tion may be approximated by

In other words, the genomic rate of translation is equal to the rate of ribosome
arrival since the latter is the rate limiting step of the process. In order to derive
this result we rst note that in this limit
of Eq.

(341).

It follows that

R/λ1  1

R ≤ λ  min {λ, λ1 , ..., λn }

by use

and we may hence approximate by

neglecting the right hand side of Eq. (342). The requested result then follows
as is further illustrated in Figure 28A.
The limit of high ribosome ux is mathematically given by:

λ  max {λ, λ1 , ..., λn }.

In this limit the rate of protein production converges to a transcript specic constant

R∗ (λ1 , ..., λn )

that does not depend on the ribosome ux

λ

(Figure 28A).

Under these circumstances the rate of protein production is strongly aected
by codon composition and codon arrangement along the mRNA molecule. In
addition, the independence of
any attempt to increase

R

R

on

λ

implies that above a certain threshold

by increasing

λ

is futile. Since increasing

λ

comes

with the cost of spending valuable resources on maintaining a large ribosome
pool cost/benet considerations will set a clear physiological upper bound on

λ

(see also Subsection 9.3.4). In order to understand the behavior of the pro-

tein production rate in this limit we rst note that

min {λ, λ1 , ..., λn } ≥ R

λ  max {λ, λ1 , ..., λn } ≥
R/λ  1 and we

by use of Eq. (341). It follows that

may hence approximate by neglecting this term in the left hand side of Eq.

R is a solution to an equation that does not contain the
λ as was argued above. This result is further illustrated in Figure

(342). We now see that
ribosome ux
28.

9.5.3

The ASEP model vs. the RFM

The generalized ASEP model mentioned above is a generalization (elongated
particles and site dependent rates) of a simpler ASEP model (see, for example,
[141]). In the case of the ribosome ow model, we make two approximations.
The rst is coarse graining (dividing into chunks/sites), this approximation is
quite common and was applied to various physical and biophysical problems.
The second approximation is nothing but the mean eld approximation. This
means that in order to write the master equation for our model (Figure 27C)
we have implicitly neglected the fact that there could be correlations between
sites. We hence write approximate equations for the average (over many identical mRNA systems) occupation probabilities. Doing so, we assume that the
probability that site

i

is occupied/empty and that site

is well approximated by the probability that site
probability that site

i+1

i

i+1

is occupied/empty

is occupied/empty times the

is occupied/empty. Although in general this is not

always true, this approximation is also common in the ASEP literature.
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9.5.4

RFM with abortions

Within the framework of the RFM, abortions were modeled by adding an abortion probability to the model. The abortion probability determines the percent
of ribosome-ribosome collisions that will result in abortion, i.e., in premature
detachment of the ribosome from the mRNA strand. Mathematically, abortion

−pab · pi (t) · pi+1 (t)
1 ≤ i ≤ N this term is added

adds the following term to the model:

where

abortion probability. For every

to the

(i + 1) − th

pab is the
i − th and

rows of equation 338. This modication of the RFM corresponds

to mutual abortion, i.e., to a situation where after an abortive collision both
ribosomes will stop processing the mRNA transcript. Scanning dierent values

pab , we discovered that maximal correlations were obtained in the case of
pab = 0, i.e. in the limit were abortions due to ribosome-ribosome collisions are
for

negligible.

9.5.5

mRNA half life  steady state revisited

In order to examine the steady state assumption (within the limitations of existing data), we analyzed the RFM model without it. Analysis was performed
on the S. cerevisiae data where we simulated the model only for a time period
proportional to the half life of the corresponding transcript [142]. In this case,
steady state was not achieved and the translation rate was taken as the mean
translation rate over the elapsing time period. This modication however, was
unable to improve the predictive power of the model and in eect resulted in an
opposite outcome.

9.5.6

Zhang model

Zhang model [114] similar to the ASEP model with the only change that the
codon translation times are deterministic.

9.5.7

The relation between translation rate and protein abundance

Here we would like to discuss the relation between translation rates and protein concentration/abundance. In what follows we will provide justication for
the intuitive expectation that protein abundance should stand in high positive
correlation with translation rates. Generally speaking, protein abundance levels
are determined by a balance between protein production and degradation rates.
Fixing the degradation rate, protein abundance levels will rise when the production rate is increased. Fixing the production rate, protein abundance levels will
decrease when the degradation rate is increased. That said, one must also bear
in mind that protein degradation rates are unavailable in most of the analyzed
cases. And so, any current real data analysis is forced to average out the eect
of protein degradation and focus on the contribution of the production rate to
the determination of protein abundance levels.
Let

ci

denote the concentration of protein

i

and let us assume that this

protein is translated from a certain mRNA transcript whose copy numbers are
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denoted by

mi .

In general, the dynamics of this process may be described

dci (t)
= Ri · mi − Di (ci ). Here Ri and
dt
are the translation rate per mRNA molecule and the degradation rate

by the following dierential equation:

Di (ci )

i respectively. One possible choice for Di (ci ) is: Di (ci ) = di · ci (t)
di > 0 is constant. Although this is a common approximation we will

of protein
where

not base our conclusions on this particular choice and would only require that

Di (ci ) is a monotonically increasing function of the concentration ci . In general,
Di depends on the protein i, i.e., it can be dierent from protein
to protein. Here however, we will replace the protein specic function Di with a
genomic average degradation function D which will be assumed monotonically
the function

increasing. Note that by denition, this function does not depend on the index

i.
Di replaced
css
is
the
steady
state
concentration
of the
i
ss
protein i. From the monotonicity of D(ci ) it follows that ci is a monotonically
increasing function of Ri ·mi . This fact provides justication for the use of Ri ·mi
ss
ss
as a predictor for ci , i.e., one expects Ri ·mi and ci to be positively correlated.
The steady state solution of the above dierential equation (with

by

D)

is:

Di (css
i ) = Ri · mi

where

Indeed, we have shown that this predictor performs very well, see Subsection
9.5.19. We will now show that

Ri

itself can also be used as a predictor for

css
i ,

the advantage of this predictor is that it is solely based on the coding sequence
and no additional information is required for its computation.
The set of mRNA copy numbers
translation rates

{Ri },

{mi }

may generally depend on the set of

for example via the concentration of proteins that are

involved in mRNA transcription and regulation. Fortunately, it is known that in
endogenous genes translation rates are positively correlated with mRNA levels.
Highly expressed genes are under selection to have higher mRNA levels, higher
translation rate and higher protein abundance (note that this is not a causal
relation; see, for example, [89]).

Since mRNA levels are positively correlated

with translation rates, higher values of

Ri · m i

and vice versa.

Ri

do indeed imply higher values of

Since in hetrogenouse gene expression mRNA copy

numbers are usually independent of the mRNA variant of the protein, a similar
trend is observed in this case as well.

In building a predictor which is solely

based on coding sequences, these empirical observation provide justication for
using

Ri

as a predictor for

css
i .

Indeed, as we have demonstrated throughout

the paper, this predictor out performs other commonly used predictors.

9.5.8

Data

Protein abundance: protein abundance of S. cerevisiae was downloaded from
[98, 99]; protein abundance of dierent versions (with dierent codon bias) of
GFP library in E. coli were downloaded from [89]; Protein abundance of S.
pombe were downloaded from [143] and the Protein abundance E. coli were
downloaded from [100].

Proles of Ribosme density: in S. cerevisiae were downloaded from [97].
Folding energies: of the E. coli GFP library was downloaded from [89].
tRNA copy number: of E. coli, S. cerevisiae, and S. pombe were downloaded
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from [103]. tRNA levels in diauxic shift in S. cerevisiae were downloaded from
[90].

Coding sequences: Coding sequences of S. cerevisiae, E. coli, and S. pombe
were downloaded from [103].

Tissue specic gene expression and tAI in Human: the gene expression
was downloaded from [144]; the corresponding tAI were downloaded from [112].
Inferred tissue specic tRNA pool in human liver (the tissue where the correlation between the expression levels and translation rate is the highest) was
downloaded from [90, 112] based on [145].

mRNA levels: mRNA levels of E. coli were downloaded from [100]; mRNA
levels of S. cerevisiae were downloaded from [128]; mRNA levels of S. pombe
were downloaded from [143].

9.5.9

Estimating the tAI based values that were used by the model

Our measure was based on the tAI [109]; as describe below, we adjusted it to
our model:
Let

ni

be the number of tRNA isoacceptors recognizing codon i. Let

be the copy number of the

Sij

tCGNij
j − th tRNA that recognizes the i − th codon, and let

be the selective constraint on the eciency of the codon-anticodon coupling.

We dene the absolute adaptiveness,

Wi =

ni
X

Wi ,

for each codon

i

as:

(1 − Sij ) tCGNij

j=1
The

Sij -values

can be organized in a vector (S -vector) as described in [109];

each component in this vector is related to one wobble nucleoside-nucleoside
paring: I:U, G:U, G:C, I:C, U:A, I:A, etc.
Sensitivity analysis of the tAI of codons to

Sij -values in S.cerevisiae showed
S -values. Increasing/decreasing

that one codon (CGA) is extremely sensitive to these
the

S -values by ±0.5 resulted in a change of up to one order of magnitude (usu-

ally much less) in all other codons.
to

4000

In the case of CGA, the change was up

times higher. The tAI of this codon is relatively low and the model is

sensitive to this value. Thus, we replaced the

Wi

of this codons over all possible changes (±0.5) of
From

Wi

we obtain

pi ,

of this codon by the mean tAI

Sij -values.

which is the probability that a tRNA will be coupled

to the codon

pi =

Wi
61
P

tCGNij

j=1
The expected time on codon

i

is

ti = 1/pi .

The expected time on a site is the

sum of times of all the codons in the site.

9.5.10

Computing the bottleneck

The bottleneck was dened as the slowest window in a gene.

The time of a

window is the sum of times corresponding to its codons; the size of a window is
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15 codons (the results were robust to small changes in the size of the window).

9.5.11

Running times

Figure 49 depicts the running time of our model as a function of

λ and site size.
λ the typical

As can be seen, when the site size is larger than 10 codons, for all
running time for a gene is less than 0.1 second.

9.5.12

Real and predicted ribosome density proles

Measurements of ribosome densities in S. cerevisiae at a resolution of single
nucleotides were downloaded from [97].

For comparison to the predictions of

various models the proles were aligned to the beginning of the coding sequences
(similarly to the way it was done in [90, 103]). We computed and plotted the
mean densities in sites of size 15 codons for each of the proles (measured and
predicted).

9.5.13

DTCO and DPCO  estimating the dependence of genes on
codon order in terms of translation rate and protein abundance

To estimate the dependence of the translation rate of genes (at their `working
point') on codon order, DTCO, we performed the following steps:
1. Each mRNA transcript was randomly permuted (i.e., codons were randomly shued) 10 times. A library of permuted mRNA transcripts, associated with the original transcript, was thus generated and translation
rates were computed for each transcript.
2. We then computed, for each gene separately, the standard deviation (stdev)
for the set of rates obtained in stage 1.
3. For each gene, the stdev was normalized by the predicted translation rate
of the gene (obtained from the un-permuted mRNA transcript). We call
this quantity DTCO and we use it as a measure for the dependence of the
translation rate on codon order.
To estimate the dependence of protein abundance on the codon order, DPCO,
we performed the following steps:
1. The relation between protein abundance and translation rates seems linear
on a log-log scale (Figure 50-52); thus, we inferred a liner regressor of the
log of protein abundance from the log of the predicted translation rate.
2. For each gene, and for each permutation, protein abundance was estimated
via the regressor in (1). The stdev of the PA distribution associated with
each gene (i.e., of the library of permuted transcripts) was then computed.
3. For each gene, the stdev of the predicted protein abundance was normalized by the protein abundance of the original (un-permuted) mRNA.
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9.5.14

Finding the `working point' of a gene

To compute the `working point's of genes in a certain organism we rst found the

λ where the correlation between the mean predicted translation rate and protein
abundance [99, 100, 143] is maximal. We computed the ratio (in percentages)
between the mean genomic translation rate at this point and the mean maximal
translation rate (for very large

λ);

let Q% denote this value (93%, 95%, and

99% in S. cerevisiae, S. pombe, and E. coli respectively). The `working point'

λ

of a gene in a certain organism is the

where the translation rate of the gene

is Q% of its maximal translation rate.

9.5.15

Analysis of the data of Burgess-Brown et al.

For each gene we computed the mean ratio between the synthetic version of the
gene and its native version over 41 values of

λ (between 0.0002 and 0.0094).

The

empirical p-value for the Spearman correlation is the probability that a random
permutation of the two vectors will give higher correlation. It was computed by
performing 100 such permutation and computing the Spearman correlation of
each of them.

9.5.16

The statistical test used for comparing the genomic ribosomal
densities prole to the predicted proles

The Wilcoxon rank test that we used is a paired non-parametric test where we
compared:
1. The vector of distances between the predictions of our model and the real
data (a distance for each point).
2. The vector of distances between the predictions of tAI and the real data.
3. The vector of distances between the predictions of Zhang model and the
real data.
We compared (1) to (2) and (1) to (3) and checked the following statistical
question: is there an improvement (in terms of the distance between predicted
and real data points) when a more sophisticated model (RFM) is used instead
of a less sophisticated one (e.g. the tAI).

9.5.17

Jackkning to evaluate the robustness of the inferred optimal
size of the chunk

Jackkning (see, e.g., [146]) was performed as described below.

Repeat 100

times:
1. Randomly choose 80% of the genes in S. cerevisiae.
2. Find the chunk size that gives the best correlation with protein abundance.
Report the number of cases (0-100) that we get

C = 25.

level was 100 demonstrating a very high condence.
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The result condence

9.5.18

Supplementary Text 1

Justication for using the tAI and the RFM as an predictor of the
co-adaptation between codon bias and tRNA pool.
The tAI and the RFM are based on the genomic tRNA copy number (tGCN;
when the expression levels of the tRNAs is unknown) as a surrogate measure
for the cellular abundances of tRNAs; it is justied by several observations.
First, in the past, in many organisms, it has been observed that the in vivo
concentration of a tRNA bearing a certain anticodon is highly proportional to
the number of gene copies coding for this tRNA type. Specically, in S. cerevisiae a correlation of
of

0.86

r = 0.91

[148] was reported. In B. subtilis, a correlation

between tRNA copy number and tRNA abundance was reported [149].

Similarly, previous papers reported about signicant correlation between genomic tRNA copy number and tRNA abundance in E. coli [150, 151]. A related
interesting result is the analysis of [152] who measured the translation rate of
two glutamate codons: GAA and GAG. They found them to have a threefold
dierence in translation rate (21.6 and 6.4 codons per second, respectively). Remarkably, the

wi

of these codons, which is based on the tRNA pool and anity

of codon-anti-codon coupling and is the basis for the tAI calculation, captures
the ratio of translation rate between the two codons.
for E. coli we found that the ratio between the

wi

Calculating

wi

values

of GAA and GAG is 3.125

(0.5/0.16) as compared to the 3.34 reported in the experiments (21.4/6.4). This
result suggests that there is a direct relation between the adaptation of a codon
to the tRNA pool, based on the genomic tRNA copy number, and the time it
takes to translate it.
Second, a recent study showed that in S. cerevisiae the promoters of many
of the tRNA genes have a low predicted anity to the nucleosome, suggesting
a constitutive expression with little transcriptional regulation capacity [153].
Thus, for fully sequenced genomes, the relative concentrations of the various
tRNAs in the cell, and therefore the optimality of the various codons in terms of
translation, can be approximated using the respective tRNA gene copy numbers
in the genome. In addition, and as we have shown in this chapter, measures that
are based on tRNA copy number are highly correlated with protein expression
levels (see also [108, 154]).

9.5.19

Supplementary Text 2

Endogenous genes in S. cerevisiae, S. pombe, and E. coli: correlation
of the predicted rates with protein abundance given mRNA levels
and the correlation of the predicted rate multiplied by the mRNA
levels with protein abundance.
E. coli  The correlation with PA given mRNA:
for the RFM vs.

r = 0.29 (p = 3.95 · 10−9 ;

r = 0.33 (p = 1.84 · 10−11 )

398 genes with PA & mRNA; see

Figure 53) for the tAI; the correlation of (Rate * mRNA) with PA (r
the RFM vs.

r = 0.7

for the tAI,

p < 10−16

= 0.71 for

in both cases; see Figure 54);

S. pombe  The correlation with PA given mRNA was also higher for the
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RFM,

r = 0.39 (p < 10−16 )

vs. 0.307 for the tAI (p

Figure 55). The correlation of (Rate * mRNA) with
vs.

r = 0.627

for the tAI,

p < 10−16

< 10−16 ) for the tAI (see
PA (r = 0.7 for the RFM

in both cases; see Figure 56);

S. cerevisiae  The correlation with PA given mRNA:
vs. 0.35 for the tAI (p

< 10−16

r = 0.32 for the RFM

in both cases; see Figure 57). The correlation

of (Rate * mRNA) with PA: 0.58 for the RFM vs. 0.58 for the tAI (p
in both cases; see Figure 58). The correlation with PA
vs. 0.57 for the tAI (p

9.5.20

< 10−16

r = 0.49

< 10−16

for the RFM

in both cases).

Supplementary Text 3

The predictions of the tAI and translation eciency proles of genes.
The tAI is one of the best known codon bias based predictor of protein
abundance (see, for example, [108, 109, 111],
abundance in S. cerevisiae).

r = 0.65

between tAI and protein

This measure is the mean co-adaptation of the

gene's codon to the tRNA pool of an organism without considering the order of
the codons. It may sound a bit surprising that such a simple model gives such
good performances. One possible explanation is the fact that initiation rate of
genes is relatively low. As we have shown, in this regime there are no interactions
between ribosomes and the mean nominal velocity [90] is a good approximation
of the actual one. An alternative or additional explanation for this phenomenon
may be the fact that genes (especially highly expressed genes) tend to have
a specic design. It was shown that such genes have a non-decreasing prole
of translation rate:

they start with a region of slower translation rate (30-

50 codons); the translation rate afterwards is higher, relatively constant, and
usually proportional to the slower beginning ([90]; Figure 59). Such a prole
improves the production rate of proteins (the number of proteins per ribosome
per time unit, see [90]) and prevents trac jams, thus the tAI becomes a good
enough predictor. It is possible that that in this regime the tAI performs well
(although it is a non-physical and non-causal predictor) simply since the mean
speed is a indeed a good approximation of the production rate in this regime
(due to the reasons mentioned above).

9.5.21

Supplementary Text 4

The genomic rate of abortion of ribosomes has power law decay.
Measured ribosome density prole appears linear in a log-log graph. Namely
the ribosomal density in the

i−th site is C1 ·x−αreal

where

αreal = 0.158 (Figure

30B); our model also predicts a linear line in a log-log graph but with a smaller
slope: the genomic ribosomal density in the

i − th

site is

C2 · x−αRF M

where

αRF M = 0.1 (Figure 30B). These results may suggest that an additional factor
C2 · x−αABR with αABR = 0.058 should be added to represent other phenomena
such as the genomic rate of abortion of ribosomes.

9.5.22

Supplementary Text 5

The initiation rates used in this study are robust and not over-tted.
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To verify the robustness of the initiation rate use in the analysis of heterologous genes we divided each of the datasets to two parts (each with 50% of
the genes). In each case we veried that the same initiation rate optimizes the
correlation with PA in both parts.

9.5.23

Supplementary Text 6

Tissue-specic translation rates in Human.
In humans and other mammals the correlations between expression levels
and codon bias are relativly low [112, 155]. Thus, in the next stage, we aimed
at studying how well the predictions of the RFM correlate with the expression
levels in human tissues, comparing it with the correlations obtained using the
tAI. The correlations with gene expression of 12,173 genes across 73 tissue are
depicted in Figure 32C. As can be seen, some of the correlations with the RFM
are more than 8 times higher than the correlations with the tAI the mean
improvement in percentages of the RFM with respect to the tAI was 80% (Figure
32C, inset).

In addition, some of the correlations between tissue-specifc gene

expression and tAI are negative while in the case of the RFM all the correlations
are positive.

Furthermore, in 71% of the tissues the RFM performed better

(Figure 32C). These results demonstrate that our model should be more useful
than alternative models for analyzing human gene translation. Thus, it should
be helpful for analyzing mutations (see, for example [122]) or SNPs (see, for
example, [85, 131]) that cause diseases due to problems in gene translation.
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9.5.24

Supplementary Figures

Figure 33: Prediction of protein abundance by the various codon bias based
predictors of PA and by the ribosome ow model (RFM) for groups of genes
with dierent levels of protein abundance in S. cerevisiae (A.), E. coli (B.),
S. pombe (C.); all bins are of equal size. The RFM outperforms all the other
predictors for lowly expressed genes (and in most of the bins) and has signicant
correlation with PA in all the bins.
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Figure 34: Correlation between protein abundance and the translation rate for
various sizes of the translation site unit (C in Figure 1) in E. coli.

Figure 35: Correlation between protein abundance and the translation rate for
various sizes of the translation site unit (C in Figure 1) in S. pombe.
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Figure 36: The RFM predicts the genomic prole of ribosome densities in starvation better than the tAI model or the predictor of Zahng et al. All the gures
were normalized to have the same mean.

Figure 37: The relation between (the number of available ribosomes in the cell),
mean of the translation rate (number of proteins per time unit), and the mean
ribosome density in E. coli.
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Figure 38: The relation between (the number of available ribosomes in the cell),
mean of the translation rate (number of proteins per time unit), and the mean
ribosome density in Human liver.

Figure 39: The relation between (the number of available ribosomes in the cell),
mean of the translation rate (number of proteins per time unit), and the mean
ribosome density in S. pombe.
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Figure 40: Dot plot  log protein abundance vs. initiation rate in S. cerevisiae.

Figure 41: Dot plot  log protein abundance vs. initiation rate in S. pombe.
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Figure 42: Dot plot  log protein abundance vs. initiation rate in E. coli

Figure 43: Dot plot  ribosome density vs. initiation rate in S. pombe
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Figure 44: Dot plot  ribosome density vs. initiation rate in S. cerevisiae.

Figure 45: Dot plot  ribosome density vs. initiation rate in E. coli.
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Figure 46: Dot plot  log protein abundance vs. ribosome density in S. cerevisiae.

Figure 47: Dot plot  log protein abundance vs. ribosome density in S. pombe.
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Figure 48: Dot plot  log protein abundance vs. ribosome density in E. coli.

Figure 49: Mean running time (in seconds) for computing the translation rate
of the RFM as a function of

λ

and size of the site.
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Figure 50: Dot plot  log protein abundance vs. log predicted translation rate
in S. pombe.

Figure 51: Dot plot  log protein abundance vs. log predicted translation rate
in S. pombe.
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Figure 52: Dot plot  log protein abundance vs. log predicted translation rate
in S. cerevisiae.

Figure 53: Correlation of the tAI and the RFM and with protein abundance
given mRNA levels for groups of genes with dierent levels of protein in E. coli.
All bins are of equal size.
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Figure 54: Correlation of the tAI and the RFM with protein abundance given
mRNA levels for groups of genes with dierent levels of protein in S. pombe.
All bins are of equal size.

Figure 55: Correlation of the tAI and the RFM with protein abundance multiplied by mRNA levels for groups of genes with dierent levels of protein in S.
pombe. All bins are of equal size.
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Figure 56: Correlation of the tAI and the RFM with protein abundance given
mRNA levels for groups of genes with dierent levels of protein in S. cerevisiae.
All bins are of equal size.

Figure 57: Correlation of the tAI and the RFM with protein abundance multiplies by the mRNA levels for groups of genes with dierent levels of protein in
S. cerevisiae. All bins are of equal size.
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Figure 58: Proles of tAI of cytosolic and mitochondrial ribosomal proteins in
S. cerevisiae.

Figure 59: Proles of tAI of highly expressed genes and lowly expressed genes
in S. cerevisiae. Close to the 5' end of the genes there is a region with slower
speed. This region is more prominent in highly expressed genes.
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